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ABSTRACT 


A method is developed for calculating stiffness influence co- 
efficients of complex shell-type structures. The object is to pro- 
vide a method that will vield structural data of sufficient accuracy 
to be adequate for subsequent dynamic and aeroelastic analyses 

Stiffness of the complete structure is obtained by summing 
stiffnesses of individual units. Stiffmesses of typical structural 
components are derived in the paper. Basic conditions of con- 
tinuity and equilibrium are established at selected points (nodes) 
in the structure. Increasing the number of nodes increases the 
accuracy of results. Any physically possible support conditions 
can be taken into account. Details in setting up the analysis can 
be performed by nonengineering trained personnel; calculations 
are conveniently carried out on automatic digital computing 
equipment 

Method is illustrated by application to a simple truss, a flat 
plate, and a box beam. Due to shear lag and spar web deflection, 
the box beam has a 25 per cent greater deflection than predicted 
from beam theory. It is shown that the proposed method cor- 
rectly accounts for these effects 

Considerable extension of the material presented in the paper 


is possible 


(I) INTRODUCTION 


empha CONFIGURATION TRENDS in the design of 
high-speed aircraft have created a number of 
difficult, fundamental structural problems for the 
worker in aeroelasticity and structural dynamics. The 
chief problem in this category is to predict, for a given 
elastic structure, a comprehensive set of load-deflection 
relations which can serve as structural basis for dynamic 
load calculations, theoretical vibration and_ flutter 
analyses, estimation of the effects of structural deflec- 
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Structures 


tion on static air loads, and theoretical analysis of aero- 
elastic effects on stability and control. This is a prob- 
lem of exceptional difficulty when thin wings and tail 
surfaces of low aspect ratio, either swept or unswept, 
are involved. 

It is recognized that camber bending (or rib bending) 
is a significant feature of the vibration modes of the 
newer configurations, even of the low-order modes; 
in order to encompass these characteristics it seems 
likely that the load-deflection relations of a practical 
structure must be expressed in the form of either de- 
flection or stiffness influence coefficients. One ap- 
proach is to employ structural models and to determine 
the influence coefficients experimentally; it is antici- 
pated that the experimental method will be employed 
extensively in the future, either in lieu of or as a final 
check on the result of analysis. However, elaborate 
models are expensive, they take a long time to build, 
and tend to become obsolete because of design changes; 
for these reasons it is considered essential that a con- 
tinuing research effort should be applied to the devel- 
opment of analytical methods. It is to be expected 
that modern developments in high-speed digital com- 
puting machines will make possible a more fundamental 
approach to the problems of structural analysis; we 
shall expect to base our analysis on a more realistic 
and detailed conceptual model of the real structure 
than has been used in the past. As indicated by the 
title, the present paper is exclusively concerned with 
methods of theoretical analysis; also it is our object to 
outline the development of a method that is well 
adapted to the use of high-speed digital computing 
machinery. 


(11) Review oF EXISTING METHODS OF STRUCTURAL 
ANALYSIS 
1) Elementary Theories of Flexure and Torsion 


The limitations of these venerable theories are too 
well known to justify extensive comment. They are 
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adequate only for low-order modes of elongated struc- 
tures. When the loading is complex (as in the case 
of inertia loading associated with a mode of high order) 
refinements are required to account for secondary 
effects such as shear lag and torsion-bending. 


(2) Wide Beam Theory: Schuerch' 


Schuerch has devised a generalized theory of com- 
bined flexure and torsion which is applicable to multi- 
spar wide beams having essentially rigid ribs. Torsion- 
bending effects are included but not shear lag. It is 
expected that wide beam theory will be used extensively 
in the solution of static aeroelastic problems (effect of 
air-frame flexibility on steady air loads, stability, etc.). 
However, the rigid rib assumption appears to limit its 
utility rather severely for vibration and flutter anal- 
ysis of thin low aspect ratio wings. 


(3) Method of Redundant Forces: Levy, Bisplinghoff and 
Lang, Langefors, Rand, Wehle and Lansing? ° 

These writers have contributed the basic papers 
leading to the present widespread use of energy prin- 
ciples, matrix algebra, and influence coefficients in the 
solution of structural deflection problems. Redundant 
internal loads are determined by the principle of least 
work, and deflections are obtained by application of 
Castigliano’s theorem. The method is, of course, 
perfectly general. However, the computational diffi- 
culties become severe if the structure is highly re- 
dundant, and the method is not particularly well 
adapted to the use of high-speed computing machines. 
Rand has suggested a method of solution for stresses 
in highly redundant structures which might also be 
used for calculating deflections. Instead of using 
member loads as redundants, he proposes to employ 
systems of self-equilibrating internal stresses. These 
redundant stresses may be regarded as perturbations 
of a primary stress distribution that is in equilibrium 
with the external loads (but does not generally satisfy 
compatibility conditions). The number of properly 
chosen redundants required to obtain a satisfactory 
solution may be considerably less than the ‘‘degree of 
redundancy.’ Successful application of this method 
requires a high degree of engineering judgment, and 
the accuracy of the results is very difficult to evaluate. 


(4) Plate Methods: Fung, Reissner, Benscoter, and 
MacNeal’ 

As the trend toward thinner sections approaches the 
ultimate limit, we enter first a regime of very thick 
walled hollow structures, such that the flexural and 
torsional rigidities of the individual walls make a 
significant contribution to the overall stiffness of the 
entire wing. Finally we come to the solid plate of 
variable thickness. During the past few years a sub- 
stantial research effort has been devoted to the develop- 
ment of methods of deflection analysis for these struc- 
tural types, and important contributions have been 
made by all of the aforementioned authors. 
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(5) Direct Stiffness Calculation: Levy, Schuerch’. \: 


In a recent paper Levy has presented a method of 
analysis for highly redundant structures which is par. 
ticularly suited to the use of high-speed digital com. 
puting machines. The structure is regarded as an 
assemblage of beams (ribs and spars) and interspar 
torque cells. The stiffness matrix for the entire struc- 
ture is computed by simple summation of the stiff- 
ness matrices of the elements of the structure. Fj- 
nally, the matrix of deflection influence coefficients js 
obtained by inversion of the stiffness matrix. Schuerch 
has also presented a discussion of the problem from the 
point of view of determining the stiffness coeflicients. 


(III) Some UNSOLVED PROBLEMS 


At the present time, it is believed that the greatest 
need is to derive a numerical method of analysis for a 
class of structures intermediate between the thin 
stiffened shell and the solid plate. These are hollow 
structures having a rather large share of the bending 
material located in the skin, which is relatively thick 
but still thin enough so that we may safely neglect 
its plate bending stiffness. In order to cope with this 
class of structures successfully, we must base our 
analysis upon a structural idealization that is suffi- 
ciently realistic to encompass a fairly general two- 
dimensional stress distribution in the cover plates; 
and our method of analysis must yield the load-deflec- 
tion relations associated with such stresses. It is char- 
acteristic of these problems that the directions of prin- 
cipal stresses in certain critical parts of the structure 
cannot be determined by inspection. Hence, the 
familiar methods of structural analysis based upon the 
concepts of axial load carrying members, joined by 
membranes carrying pure shear, are not satisfactory, 
even if we employ effective width concepts to account 
for the bending resistance of the skin. We should like 
to include shear lag, torsion-bending, and Poisson's 
ratio effects to a sufficient approximation for reliable 
prediction of vibration modes and natural frequencies 
of moderate order. Also, we should like to avoid any 
assumptions of closely spaced rigid diaphragms or of 
orthotropic cover plates, which have been introduced 
in many papers on advanced structural analysis. The 
actual rib spacing and finite rib stiffnesses should be 
accounted for in a realistic fashion. In summary, what 
is required is an approximate numerical method of 
analysis which avoids drastic modification of the 
geometry of the structure or artificial constraints of its 
elastic elements. This is indeed a very large order. 
However, modern developments in high-speed digital 
computing machines offer considerable hope that 
these objectives can be attained. 


(IV) OF DIRECT STIFFNESS CALCULATION 


For a given idealized structure, the analysis ol 
stresses and deflections due to a given system of loads 
is a purely mathematical problem. 
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must be satisfied in the analysis: (1) the forces de- 
veloped in the members must be in equilibrium and (2) 
the deformations of the members must be compatible 


ie., consistent with each other and with the boundary 


conditions 
each member must be related in accordance with the 


In addition, the forces and deflections in 


stress-strain relationship assumed for the material. 

The analysis may be approached from two different 
points of view. In one case, the forces acting in the 
members of the structure are considered as unknown 
quantities. In a statically indeterminate structure, 
an infinite number of such force systems exist which 
will satisty the equations of equilibrium. The correct 
force system is then selected by satisfying the condi- 
tions of compatible deformations in the members. 
This approach has been widely used for the analysis of 
all types of indeterminate structures but is, as already 
noted, particularly advantageous for structures that 
are not highly redundant. 

In the other approach, the displacements of the 
joints in the structure are considered as unknown 
quantities. An infinite number of systems of mutually 
compatible deformations in the members are possible; 
the correct pattern of displacements is the one for which 
the equations of equilibrium are satisfied. The con- 
cept of static determinateness or indeterminateness 1s 
irrelevant when the analysis is considered from this 
viewpoint. This approach is the basis for many re- 
laxation type analyses (such as moment distribution) 
and has been applied to the analysis of complex aircraft 
structures by Levy in the aforementioned paper. This 
will be called the method of direct stiffness calculation 
hereafter. 

After reviewing the various methods available to the 
dynamics engineer for computing load-deflection rela- 
tions of elastic structures, it is concluded that the most 
promising approach to our present difficulties is to ex- 
tend further the method of direct stiffness calculation. 
The remainder of this paper is concerned with methods 
by which that extension may be accomplished. 


(V) StmpLe EXAMPLES OF STIFFNESS INFLUENCE 
COEFFICIENTS 
1) Elastic Spring 
If an elastic spring deflects an amount 6 under axial 
load F, Hooke’s Law applies and 
F = ké (1) 
Here k can be regarded as the force required to produce 
a unit deflection; hence it can be considered to be a 
stiffness influence coefficient. 
Eq. (1) can also be written as 


6= (1 k)F =cF 


to 


Where ¢ is the deflection due to a unit force (deflection 
influence coefficient). 

(2) Two-Dimensional Elastic Body 

‘ ‘ 
extending the above relations to the two-dimensional 
body is most conveniently accomplished by introducing 
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L=LENGTH 
A=AREA 
E =MODULUS 
8x COS @,* >» 
%,U 
1 1 COS 
(b) 


Fic. 1. Typical pin-ended truss member. 


matrix notation. Eqs. (1) and (2) become, respectively, 
Fi = [K] (3 
= [K] = (4) 
Here [A] is the matrix of stiffness influence coefficients. 
A typical element of [KJ is k,,*” = force required at 7 
in the &-direction, to support a unit displacement at j 
in the n-direction. If & and n always refer to the same 
direction, we can use the simpler form &,;. In either 
case an element of [A], and also of |C], must obey the 
well-known reciprocal relations. In other words, the 
[A] and [C] matrices are symmetric, provided they 
are referred to orthogonal coordinate systems. As will 
be seen later, the symmetry condition does not apply 
if oblique coordinates are used. 


3) Truss Member 


Fig. l(a) shows a typical pin ended truss member. 
We wish to determine its matrix of stiffness influence 
coefficients. Loads may be applied at points (nodes) 
1 and 2. Each node can experience two components 
of displacement. Therefore, prior to introducing 
boundary conditions (supports), [A] for this member 
will be of order 4 X 4. 

To develop one column of |A |, subject the member 
to 0, = % = v2 = O. Then 


AL = cos 0, = 
The axial force needed to produce AL is 
P = (AE L)AL = (AE 
The components of P at node 2 are 
F,, = P cos 0, = (AE/L) ue 
F,, = P cos 0, = (AE/L) wp 


Equilibrium gives the forces at node | as 


F,, 
Eq. (3) for this member then takes the form 
| F,. | My | 
A E io (3 
| Au Ve 


5 
4, 
bs 
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The other elements in [A | are found in a similar manner. 
We get 


iy v7) Ve 
AE x2 
truss iL (6) 
member Au 


that is, its deter- 
This 


As given in Eq. (6), [A] is singular 
minant vanishes and its inverse does not exist. 
is overcome by supplying boundary conditions or sup- 
ports for the bar sufficient to prevent it from moving 
as a rigid body. For example, we may choose 4, = 
2) = We = 0, v2 ~ 0. Node 1 is then fixed, while node 
2 is provided with a roller in the y-direction. The only 
force component now capable of straining the bar is 
F,,. The force in the bar and the reactions are given 
by Eqs. (5) and (6). 

Any other physically correct boundary conditions 
can be imposed. In other words, once [A] has been 
determined, a solution can be found for any set of sup- 
port conditions. The only requirement is that the 
structure be fixed against rigid body displacenent. 
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(VI) STIFFNESS ANALYSIS OF SIMPLE TRUSS 


Once stiffness matrices for the various component 
units of a structure have been determined, the nex 
step of finding the stiffness of the composite structure 
may be taken. The procedure for doing this is essen. 
tially independent of the complexity of the structure. 
As a result, it will be illustrated for a simple truss as 
shown in Fig. 2. 

The stiffness of any one member of the truss is given 
by Eq. (6). Since length varies for the truss members, 
this term should be brought inside the matrix. It js 
then convenient to call the elements of the stiffness 
matrix 2 = \* length, ete. Then X*, @, and X@ repre- 
sent the essential terms defining the stiffness of the 
separate truss members. These are conveniently cal- 
culated by setting up Table 1. 

From the last three columns of Table | 
stiffness matrix can be written directly. This is best 
seen by forming the truss equation [Eq. (7a) | analogous 
to Eq. (5) for the single member. 

The formation of all columns in Eq. (7a) can be ex- 


the truss 


plained by considering any one of them as an example. 
The second column will be chosen. It represents the 
case for which 7, # 0, all other node displacements = (), 


27 2L 24/2L 24/2L 
F l l 0 l l 
L 2o/2L L 24/21 24/2L 
l l 
= AE (/a 
0 0 0 0 
L 
] l 0 l 4 
2+/2L 27 2L 24/2L 2L 
0 0 
{Fi = [K] 165i (7b) signs follow from the basic stiffness matrix given in 
Eq. (6). Since equilibrium must hold, the sum of these 
In this second column the y-components of force y-components of force must vanish. 
are given by the g@ terms in Table 1; the x-com- Similarly, F,, is the sum of the \g terms for members 
ponents of force are given by the \@ terms. Thus 1-2 and 1-3. Likewise, F,, is the negative value of 
F,, is the sum of g@” for members |~-2 and 1-3 since these \@ for member 1-2. Finally F,, is —Xg for member 
are strained due to displacement 7. Also F,, is —@ 1-3. These forces must also sum to zero if equilibrium 
for member 1|—2, and F,, is —g@* for member 1-3. The is to hold. 
TABLE 1 
1 
1-2 0 -L L 0 —1 0 I 7) 0 0 
2-3 L 0 L l 0 l 0 0 ; 0 0 
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[his process is repeated for all columns. In this way 
all possible node displacement components are taken 
into account. In each case the displacements are com- 
patible ones for all members of the truss. 

A structure having various kinds of structural com- 
beams as well as axially loaded members, for 
example would be treated in the same manner. 
However, the basic stiffness matrix for each type of 
Deriving these 


pr ments 


member would have to be known. 
jor units of interest in aircraft design represents a 
major part of this paper. 

The matrix of Eq. (7a) is singular. This is altered 
by providing supports for the truss sufficient to prevent 
itirom displacing as a rigid body when loads are applied. 
Any suflicient set of supports may be imposed; here 


we choose to put 


In other words, nodes | and 2 are fixed, while 3 is left 


free. 


DEFL 


24/2 2/2 2 
F, AE 
34/2 24/72 2 
F —|] 0 0 
0 0 0 


Ii the partitioned square (stiffness) matrix is designated 


Fx 


expanding Eq. (7e) leads to the following two sets of 


by 


equations: 
Just 
| FA [A | los { 
and F,, 
| , Just 
= |B} (Nb) 


F,, 


Ey. (Sa) gives unknown node displacements in terms of 
applied forces, 


(9a) 


while Eq. (Nb), together with Eq. (9a), gives unknown 
reactions in terms of applied forces, 
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ECTION 


A,E (SAME FOR ALL MEMBERS) 


L V2L 


—-— x,uU 
Fic. 2. Simple truss 

It is now convenient to rewrite Eq. (7a) and simul- 

taneously partition it as shown by the broken lines in 


Eq. (7¢). 


2 24/2 
l 
0 0 
2 27/2 
l 
2 
) = 0 
=) + Dy, ( —] 
0 0 = 0 
0 l = 0 
F, ) F,, | 
= [By |Al' (9b) 
F, 
In dynamic analyses of aircraft structures it is ordi- 
narily sufficient to determine |A|~'. This is the 


flexibility matrix. It is interesting to note that [A | 
can be found from the complete |A | matrix by merely 
striking out columns and rows corresponding to zero 
displacements as prescribed by the support conditions. 

A complete stress analysis leading to the truss mem- 
It is merely neces- 
for the 


ber forces can also be carried out. 
sary to know the 
individual members, or components, of the structure. 
This is a straightforward problem for the truss and, 
therefore, will not be discussed further in this paper. 
It is worth while to notice that once the stiffness 
matrix has been written, the solution follows by a 
calculations. These are 


force-deflection relations 


series of routine matrix 
rapidly carried out on automatic digital computing 
Changes in design are taken care of by 
This cuts 


equipment. 
properly modifying the stiffness matrix. 
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‘RIB 
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cover PLATE 
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FLANGE AREAS 


Fic. 38. Wing structure breakdown. 


analysis time to a minimum, since development of the 
stiffness matrix is also a routine procedure. In fact, 
it may also be programmed for the digital computing 
machine. 

METHOD OF DIRECT STIFFNESS 
CALCULATION 


(VII) SuMMaARY 


(1) A complex structure must first be replaced by an 
equivalent idealized structure consisting of basic struc- 
tural parts that are connected to each other at selected 
node points. 

(2) Stiffness matrices must be either known or de- 
termined for each basic structural unit appearing in the 
idealized structure. 

(3) While all other nodes are held fixed, a given 
node is displaced in one of the chosen coordinate direc- 
tions. The forces required to do this and the reactions 
set up at neighboring nodes are then known from the 
various individual member stiffness matrices. These 
forces and reactions determine one column in the overall 
stiffness matrix. When all components of displacement 
at all nodes have been considered in this inanner, the 
complete stiffness matrix will have been developed. 
In the general case, this matrix will be of order 3n X 3n, 
where » equals the number of nodes. The stiffness 
matrix so developed will be singular. 

(4) Desired support conditions can be imposed by 
striking out columns and corresponding rows, in the 
stiffness matrix, for which zero displacements have 
been specified. This reduces the order of the stiffness 
matrix and renders it nonsingular. 

(5) For any given set of external forces at the nodes, 
matrix calculations applied to the stiffness matrix then 
yield all components of node displacement plus the 
external reactions. 
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(6) Forces in the internal members can be found py 
applying the appropriate force-deflection relations, 

The primary functions of the engineer will be 
provide the information required in steps (1) and (2 
above and to provide the individual member force 
deflection relations if a stress analysis is to be carried 
out. Steps (3) through (6) can be performed by noy 
engineering trained personnel. Changes in design cap 
be taken into account by correcting local stiffness cop. 
tributions to A. Node densities can be increased jy 
regions of maximum complexity and importance. [j 
vertical deflections only are required, as in the case oj 
the aircraft wing problem, the 37 X 3n matrix for K 
can be reduced to order » X n by a sequence of matrix 
calculations. Physically, continuity of displacements 
in three directions at each node will still be maintained. 


(VIII) STIFFENED SHELL STRUCTURES 


In carrying the above procedure over to stiffened 
shell structures, it is first necessary to perforin steps 
(1) and (2) of the previous outline. 

For a wing structure the idealization will be made 
by replacing the actual structure by an assemblage 
of spar segments, rib segments, stiffeners, and cover 
plate elements, joined together at selected nodes 
Fig. 3 shows the proposed idealized structure. The 
decomposition of the structure can be carried further 
with some increase in accuracy (for example, by de- 
composing spar segments into spar caps and_ shear 
webs), or it can be simplified by treating the structure 
as an assemblage of spars and torque boxes. The 
degree of breakdown should be consistent with the 
complexity of structural deformations required by the 
problem at hand. (In a vibration analysis the order o/ 
the highest mode is a determining factor.) In light 
of the proposed idealization, it is necessary that stiffness 
matrices be developed for the following components 
beam segments consisting of flanges joined by thin 
webs, and plate elements of arbitrary shape. In 
addition, provision must be made for taking stiffeners 
into account and possibly for including the effect o! 
sandwich type skin panels. 

In the general case, spars will be swept, nonparallel, 
and not necessarily orthogonal to ribs. It will generally 
be convenient to transfer stiffness values for any given 
member to a fixed set of reference axes. These refer- 
ence axes will be chosen as rectangular Cartesiat 
(x, y, 2) in order to preserve symmetry in the total 
A-matrix. 

An outline of the determination of meinber stiffness 
for simple structural elements is given in the paper 
Further details are presented in Appendixes. Deriva: 
tion of stiffness matrices for more complex elements 
‘an be accomplished in a_ straightforward manner 
However, in the analysis of an actual structure, it wil 
be necessary to weigh the relative advantages of et 
ploying a small number of large complex elements 
against the advantages of using a larger number ol 
small elements for which simple stiffness coefficients 
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may be employed. The main criterion to be observed 
in resolving this issue is that the problem must be pro- 
grammed so that as much as possible of the data proc- 
essing is performed automatically by the computer 
and not by human operators substituting in complex 


formulas. 


(IX) SPARS AND RIBS 


First we consider the untapered beam segment of 
uniform cross section shown in Fig. 4. Its stiffness 
matrix will be determined by application of beam 
theory, which is extended, however, to include shear 
web flexibility. 

Nodes, 1, 1’, 2, and 2’ are established as shown in 
Fig. 4. The following notation is used: 


] = moment of inertia of beam section about 
neutral (y) axis 

}, = ¢ = thickness of shear web 

E = modulus of elasticity of flange material 

G = modulus of rigidity of shear web material 

y = Poisson ratio 


Displacements are assumed such as to be compatible 
with elementary beam theory. In other words, 


(4/3) (1 + n) 
0 
IK] = —(h/L) 
Lh?(1 + 4n) 
(2/3) (1 — 2n) 
0 
h/L 
where n = 3(EG) (htL?*)] (11b) 


Contribution of shear web deformation to the above 
stiffness matrix is indicated by values of n > 0; for a 
rigid shear web n = 0. 

As a simple example of the use of the beam stiffness 
matrix, we consider a cantilever of length L and loaded 
by force P at the free end (nodes 1 and 1’). Putting 
n = Vand applying Eq. (11a) gives: 


jaw 
NODES 

Fy, 
2 

h 

1 Fe 


Fic. 4. Beam (spar or rib) segment. 


xX 
Fic. 5. Rectangular Cartesian axes systems 
(10) 


Stiffness in the y-direction is assumed negligible. 

An outline of the derivation of the stiffness matrix 
for the above beam segment is given in Appendix (A). 
It is shown to be of the form 


ie To 
h?/L? 
(lla) 
—(h/L) (4,3) A +n) 
0 0 
—(h?/L2) h/L L? J 
tC? 
6E] sh? oh just 
= (12) 


Eq. (12) may be inverted to yield tip displacements 
u, and w; in terms of applied load P (F,, = 0, F., = 
P 2). The results are 

us = —(PL?/2EI) (h/2), we = PL?/3EI 
which agree with known results. 

In an actual wing structure, spar and rib segments 
will be more or less randomly oriented with respect 
to a set of standard reference axes. As a result, trans- 
formation of stiffness matrices for these members to the 
standard set of axes will generally be necessary. The 
basis for such transformations is given below. 

Let the direction cosines of x, y, 2-axes with respect 
to standard 2, ¥, 2-axes, Fig. 5, be 


= 
S11 
\ 
aun 
V1 
0 
0 
0 
0 
° 
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_ SPAR 
3 
Fic. 6. Stiffened cover skin element 


y 
1 & 
ty 
Vy Vy v 


Simple geometrical considerations then give the follow- 
ing equation for relating forces in the x, vy, 2 system to 
forces in the 7, ¥, system: 


Fr, 0 0 F,, 
& OC CO O 
Fal =|», O O O 
0 0 QO Mr My BM: F,, 
F;, 10 0 w \F., 

or, \Fi = [@]} FI (13b) 


Displacements are vectors similarly related to the 
coordinate systems as forces and hence transform under 
a rotation of axes in the same manner. Consequently, 


= [] fo} (14) 
My 
where ls} = ete. 


From the above and Eq. (3) it follows that, 
[A] = [®] [K] = [@] [AK] (15) 


where [A | is the stiffness matrix referred to the stand- 
ard Z, ¥, 3 set of axes. Beam segments encountered in 
the analysis of real structures will be tapered in depth, 
and flange areas will be variable; generally the segments 
will be taken short enough so that the variation in 
depth may be assumed linear. Derivation of stiffness 
matrices for elements of this kind is straightforward, 
and details will not be included in the present paper. 
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(X) STIFFENED PLATES 


(1) Stiffeners 


A plan view of a typical portion of stiffened coye 
skin structure is shown in Fig. 6. Nodes are initially 
established at points 1, 2, 3, and 4. The included 
structure then consists of spar segments (1-2 and 34 
rib segments (1 3 and 2-4), and stiffened plate element 
12.34. Stiffeners may be conveniently lumped with 
spar caps and, if desired, into one or more equivalent 
stiffeners located between spars. In this latter event 
additional nodes must be established, as at the inter. 
sections of these equivalent stiffeners with the ribs, 
The stiffness matrix for a lumped stiffener of constant 
area A, length LZ, and modulus £/ is 


Derivation of a similar matrix for a tapered member js 
straightforward; the area A is replaced by a suitable 
mean value. The influence of shear lag effects on 
load-deflection relations for the panel and _ stiffeners 
can only be included if nodes are established at inter 
mediate points on the ribs, between spars. 


(2) Plate Stiffness 


The quadrilateral plate element 1-2-5 4 of Fig. 6 
is assumed to possess in-plane stiffness only. Since 
two independent displacement components can occur 
at each node, the order of the A-matrix for this plate 
element will be S X 8. The problem of calculating A 
is not an easy one, and the solution offered here is felt 
to have potential usefulness for finding approximate 
solutions to many two-dimensional problems in elas- 
ticity. 

Before proceeding with the method developed for 
calculating A of the plate element, it is pointed out 
that a so-called framework analogy" exists, which per- 
mits one to replace the elastic plate with a lattice oi 
elastic bars. Under certain conditions the framework 
then deforms as does the plate and hence can be used 
to calculate the plate stiffness. The determination oi 
a lattice representation for a rectangular plate is rela- 
tively straightforward; however, plate elements of non- 
rectangular form present basic difficulties. For ev 
ample, if one attempts to apply the rectangular grid- 
work to a nonrectangular plate, difficulties arise in 
attempting to satisfy boundary conditions. On the 
other hand, if one goes to nonrectangular lattice forms, 
difficulties arise when attempting to satisfy the stress 
strain relations in the interior of the plate. Consider 
ations such as these led to eventual abandonment 0! 
this approach. 

The concept finally employed for determining plate 
stiffness is based on approximating actual plate straits 
by a restricted strain representation. In other words, 


no matter what the actual strains in the plate may be, 
these will be approximated by a_ superposition ‘ 
The method for doimg 


several simple strain states. 
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this and the accuracy of results based on such a repre- 
sentation form an important portion of this paper. 

To give an initial illustration, the actual strain 
distribution in a rectangular plate element can be 
approximated by superimposing the strains that 
correspond to each of the simple external load states 
shown in Fig. 7. These load states are seen to repre- 
sent uniform and linearly varying stresses plus constant 
shear, along the plate edges. Later it will be seen 
that the number of load states must be 27 — 4, where 
» = number of nodes. 

Before commenting further on the scheme suggested 
here for analyzing plate elements, the method will be 
applied to the triangular plate of Fig. 8. The triangle 
is not only simpler to handle than the rectangle but 
later it will be used as the basic “‘building block” for 
calculating stiffness matrices for plates of arbitrary 
shape. 

We start by assuming constant strains, or 


=a = (1/2) — ve,) = On/ox 
= b= (a, vo,) = Ov Oy 
(1 G)r,, = (Ou Ov) + (Ov ax)) 


(17a) 


Later it will be pointed out why we are restricted in the 
choice of strain expressions. Integrating we find the 


displacements to be 


u=axr+Ay+B 


= by +(e + Cl 


where, A, B, and C are constants of integration which 
define rigid body translation and rotation of the tri- 


YN 32 
Vo) 
| / ; V3 
Ay 
| 


nodes lying on that edge. 
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Node designation for triangular plate element 


1 


Fic. 8 


angle. Hence the triangle can displace as a rigid body 
in its own plane and undergo uniform straining accord- 
ing to Eq. (17a). 

Displacements at the nodes can be determined by 
inserting applicable node coordinates into Eq. (17b). 
In this way six equations occur which are just sufficient 
for uniquely determining the six constants of Eq. (17b). 
As a result the constants become known in terms of 
node displacements and coordinates. It is this part 
of the solution which determines the number of terms 
which must be chosen in the strain expressions or alter- 
natively the number of applied edge stress states which 
must be used. The number is always twice the number 
of nodes minus three. Hence, for the triangle we re- 
quire three terms and five for the rectangle (or quadri- 
lateral). 

To proceed with the solution, we solve directly for 
stresses in terms of node displacements %), 7, Ms, ete. 


lf = — x; and = (1 — v)/2, this gives 
| 
ity 
Ve VoV3 
V3 io 
0 (1NSa) 
\ VoVs V3 Ve 
Ay Ay 0 
VoV's \ 
or to; = [S] (INb) 


The next step is to obtain the concentrated forces at 
the nodes which are statically equivalent to the applied 
constant edge stresses. The procedure for doing this 
will be briefly illustrated for the case of the shear stress. 

Fig. 9(a) shows the shear stresses on the circum- 
scribed rectangular element, and Fig. 9(b) shows the 


corresponding edge shear forces on the triangle. As 


before x,, vy, refer to coordinates of node points. 

Forces on any edge are equally distributed between 
For the forces as given in 
Fig. 9(b), this leads to 


= —y3(t/2) rz, 
= —y3(t/2) (19) 
F,, = +y3(t/2) r2, 

= +x2(t/2) 7, 


id 
56 

J 
L. x 
/ 
(a) q (c) 
4 
F, v= Ze) t 2 ) Try 
(d) 
~ 
Fic. 7. Applied loads on edges of rectangular plate element F,, * = 0 ; 
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where the superscript refers to case 3 (that of shear or 
stress). This procedure is repeated for the two normal _ = ‘in 
stresses. Superimposing results for these three cases (Fy = (20b 
then leads to the following system of equations for node Substituting Eq. (ISb) into Eq. (20b), At 
forces in terms of applied edge stresses: she 
er’, = [7] [S] {a} Pat: 
Py — Comparing this last equation with Eq. (3) shows thy 
V3 0 —X; pre 
0 0 xX» Cas 
F,, | 0 Carrying out the indicated matrix multiplication ang “ 
(20a) putting A, = (1 + v) 2 gives en 
use 
= ste 
tail 
Xe 
X23" wit 
Xo Xe in| 
cal 
_ 3X23 VX 32 Avs V3 Ais” Eq. 
K] Et Xe Xe Vo Xo YoVs rec 
Xe X2 X2V3 Xe v2 
V3 V3 M3 tan 
_ Xs 0 Xo late 
L V3 V3 V3 sist 
the: 
An alternative approach to the above method for to spar, rib, etc., stiffnesses which are also given for sand 
calculating the plate stiffness matrix is to calculate the specified nodal points. However, the plate node bel 
strain energy in the plate due to the assumed strain forces are statically equivalent to certain plate edge plis 
distribution and to then apply Castigliano’s Theorem stresses. Furthermore, these edge stresses will tend t as 
for finding the node forces. This procedure can also approach actual edge stresses, even of a complex nature, I 
be conveniently carried out in terms of matrix oper- if sufficient subelements are used. A result of these app 
ations; details will not be included here, however, since equivalent edge stresses is that continuity will tend t sad 
the result is the same as that already obtained. be approximately maintained along common edges 0! v 
Stiffness matrices for plates having four and more subelements, between nodes. In other words, we are tin 
nodes have been derived and studied. The advantage assuming that a plate under complex strains will deform intl 
in introducing additional nodes lies in the fact that a in a manner that can be approximated by relatively 
more general strain expression may then be employed simple strains acting on subelements into which the 
or equivalently additional load states as illustrated by larger plate has been divided. The accuracy of this 
Fig. 7 may be used for the plate. As a result a choice representation should increase as the number of sub- 
between two points of view may be adopted; first, the elements increases. 
simplest or triangular plate stiffness matrix may be used 
and the desired accuracy obtained by using a sufficient (3) Quadrilateral Plates 
number of subelements, or second, a more general plate In the analysis of wings and tail surfaces it is generally 
stiffness matrix may be used with fewer subelements. convenient to employ a subdivision of cover plates 
Experience to date indicates that satisfactory results such that most elements are of quadrilateral shape 
can be obtained using the triangular plate stiffness The stiffness matrix for such elements can then be de- 
matrix. rived in one of two ways: (a) the previous solution Sinc 
Some additional plate stiffness matrices are given demonstrated for the triangle can be extended to i equ 
in Appendix (B). clude the quadrilateral and (b) the quadrilateral cat con 
To summarize briefly the meaning and significance be subdivided into triangles and its stiffness matri\ 
of the plate stiffness matrix, it is first pointed out that determined by superposition of the stiffnesses of the * 
this matrix relates node forces to node displacements. individual triangles. In this section the latter pr can 
As a result the plate stiffness can be immediately added cedure will be adopted. two 
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Two simple subdivisions of the quadrilateral into 
triangles are. Shown in Figs. 10(a) and 10(b). These 
ead to different stiffness matrices for the quadrilateral. 
4 unique result is obtained by using the subelements 
shown in Fig. 10(c). The interior node will be located 
at the centroid, although any other choice could be used. 

For the general quadrilateral plate it has proved to be 
preferable to program the calculation of the stiffness 
matrix for high-speed computing equipment. In the 
case of the rectangle, however, an explicit derivation 
an be readily carried out. The necessary calculations, 
included below, are given here, since the end result is 
useful and since these calculations serve to illustrate a 
step of some importance in carrying out the analysis 
of a more complete structure for example, a wing or 
tail surface. 

The rectangle and its four triangular subelements, 
with interior node number 5 at the centroid, is shown 
in Fig. 11. Stiffness matrices for the triangles can be 
calculated from Eq. (22), or more conveniently from 
Eq. (B-3) of Appendix (B). In determining A of the 
rectangle, superposition in the following form is used: 

K = Ay + Aur t+ Aiy 
rectangle 

Since five nodes have been established, A for the rec- 
tangle will initially be of order 10 X 10. This will 
later be reduced to order S X 8 to give a result con- 
sistent with the choice of four external nodes; only at 
these external nodes is contact implied with adjoining 
structure. The immediate point is, however, that A 
ior each triangle must be increased to order 10 X 10 
before superposition is carried out. This is accom- 
plished in the usual way— that is, by introducing appro- 
priate rows and columns of zero elements. 

In order to simplify the expressions for elements 
appearing in the stiffness matrices the derivation of A 
for the rectangle will be restricted to vy = 1 3. 

On superimposing stiffnesses for the component tri- 
angles of Fig. 11 it becomes possible to express Eq. (3) 
in the form 


My 

Uy 

U3 

Ps. U4 

EF 8X8 | V1 (23) 
F,, B’oxs Coxe v2 
F, U3 

v4 

Us 

Us 


Since forces are to be applied to the rectangle by stresses 
equivalent to forces acting at nodes 1, 2, 3, and 4, the 
condition 


can be applied to Eq. (23). Doing this results in the 


two sets of equations written below: 
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(a) (b>) 


Fic. 9. Shear loading on triangular plate element 


(2) (b) (c) 
Fic. 10. Decomposition of quadrilateral plate into triangular 
subelements 
3(Ks,4s) 
~ 
2X2 42) 
Fic. 11. Triangular subelements for rectangular plate 
100° 
4 — 
4 
6, (UNIFORM) 
| 
t =0.050 IN. 
E =10.5XI0 PSI. 
v =1/3 
TOTAL LOAD = 2LBS. 
Fic. 12. Clamped rectangular plate subjected to uniform tensile 


loading. 
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If the order of v-terms in the above equations are re- 
arranged from 2%}, v2, v3, 74 to 2%, U3, V2, it will be dis- 
covered that Ay» equals Ay, provided we replace m in 
Ky, everywhere by | m. The corresponding form for 
Ay, may be written without difficulty. It is again 
pointed out that the above plate stiffness matrix is 
based on v = 1/3. 

The process of eliminating displacements at node 5 
is similar to the situation that arises when only w dis- 


F,, uy 
Us 
| Fr, Us 
F u Us | 
F,, v lus § 
F,, V2 
U3 
Fe U4 
My 
Us 
JOU _ , | 
lof” |v; + les (24b) 
Ve 
U3 
U4 
U3 
sm + 
m 
m— om + 
Ky = - m m 
3 3 
—m — - 3m + sm + 
m m m 
3 3 9 
—3m + —m — m — 
q m ml m 
Ve v3 
j Ym + 
m 
3m — + 
m 
Ky». rs l 
4 | —3m — —9m + Qm + 
m ml 
l 
—9m + — 3m — om — 
q m m 
v1 Ve v3 v4 
l 
(27d) 
—| 1 
0 O 
Ka = Ky" (27e) 
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Solving Eq. (24b) for displacements at node 5 and syb. 


stituting the result into Eq. (24a), 


where i = 1, 2, 3, 4. 
gives 


Comparing Eq. (25) with Eq. (3 


[A] = [A] — [B] (2% 


rectangle 


Carrying out the calculations required by Eq. (26) re. 


sults in the following rectangular plate stiffness matriy 


16 Ky | (2a 


where, when m = (x2. — ¥1)/(¥4 — 
1 --1 
(27b 
3m + 
m q 
ran v1 U3 v4 
1 
3 (27¢ 
m —] 1 +1 


placements are to be retained in a wing analysis. In 
this latter problem it then becomes necessary to elimi- 
nate all « and v components of displacement. The 
procedure for doing this is the same as that used in 
eliminating “; and v; from the above problem of the 
rectangular plate. 


(4) Example 


It is of interest to carry out calculations on a simple 
example and compare results obtained by applying the 
plate stiffness matrix with values that can be regarded 
as correct. 


For this purpose the plate of Fig. 12 is analyzed using 
several different methods. Deflections at several points 
due to the indicated loading will be calculated. Since 
an exact solution is not available, correct displacements 
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TABLE 2 
Solution uy Us t's 

No Method Fig Multiply all values by 10-6 

Relaxation 133 2.703 2.607 2.703 1.391 1.248 0. 686 685 562 
2 Simple theory 13 2.721 2.721 2.721 1.360 1.360 0. 635 —0) 635 

Plate A-matrix 2.595 2.595 0.740 740 

} Plate A-matrix 13b 2 692 2.578 2.692 1.355 1.199 0. 680 —() 680 0. 568 
Plate A-matrix 2.718 2 697 0. 686 —0.717 

i Plate A-matrix 13d 2.714 2.712 0.688 —() 69] 


will be taken as those calculated by applying the re- 
laxation method to the fundamental equations govern- 
ing this problem. Although details of these calcula- 
tions are not presented, results are listed in Table 2. 

The problem is interesting for at least two reasons. 
First, the accuracy obtainable using various numbers 
of subelements can be observed, and second, the effect 
of using random orientation of subelements —with 
respect to the plate edges can be observed. 

Results of all calculations are summarized in Table 2. 
Node locations and subelements are illustrated in Fig. 
13. 

In Table 2 the solution based on simple theory was 
obtained from u = PL AE and ¢, = —v «. It is 
observed that on this basis both u; and v7 agree quite 
well with the reiaxation solution. 

The crudest plate matrix solution is listed in Table 2 
as Solution No. 3. It was obtained by considering the 
plate as a single element whose stiffness is given by 
Eq. (27). The results for u; and 7 are seen to be 
reasonably good. Solution No. 4 considers the plate 
as consisting of four rectangular subelements as shown 
in Fig. 13(b). Again the stiffness matrix was obtained 
by using Eq. (27), this time for each subelement. 
Agreement with relaxation results is seen to be satis- 
factory, particularly in regard to ™. Also the dif- 
ferences between and are approximated accu- 
rately by this solution. It is to be remembered that 
the actual strain distribution in the plate is complex 
in nature. 

Solutions 5 and 6 in Table 2 were carried out in a 
matter of minutes on a high-speed digital computer. 


Each subquadrilateral was considered as consisting of 
four triangles in a manner analogous to the treatment 
described previously for the rectangle of Fig. 11. In 
Solution No. 5 we note that “ and us are not equal, a 
consequence of the random nature of orientation of the 
subelements. By increasing the number of random 
subelements as in Solution No. 6, this lack of symmetry 
in results is virtually removed. Comparison with 
relaxation values is seen to be very good for both Solu- 
tions 5 and 6. 

A more comprehensive example is given in the next 
section of the paper. 


(XI) ANALYsIs OF Box BEAM 


As a final example, the box beam of Fig. 14 will be 
analyzed for deflections, using the stiffness matrices 
previously derived. 

The box is uniform in section, unswept, and contains 
a rib at the unsupported end. The following dimen- 
sions apply: ab = 7, 2bh = 10,¢, = t, = t = 0.05 
in., Ay = bt/2, a = 400 in. 

As the simplest possible breakdown, we consider the 
box to consist of two spars, one rib, and two cover 
skins. The nodes are then as shown in Fig. 15. Forces 
may be applied at the nodes at the free end. Two 
cases will be investigated: (1) up loads at each spar 
(bending) and (2) up load on one spar and a down 
load at the other spar (twisting). 

The spar matrix is given by Eq. (lla). Calculation 
shows it to be 


OF le OTF We OTF ly Ws; OTF 
1.13905 
IK) = Et) 0.05227 0.00333 (28) 
pd, 0.50303 0.05227 1.13903 
~(0).05227 —0.00333 —0.05227 0.00333 


Cover plate stiffness is given by Eq. (27a) and for this case becomes 


0. 90878 

—0.37500 1.39778 

—0.19329 0 0. 90S79 
IK] = Et 0 —1.15928 0.37500 1. 
cover 2 §—0.31916 0 —0.39634 —0. 
0 0.37109 —0.37500 

—0.39634 0.37500 —0.31916 0 

0.37500 —0.60959 0 0. 


39778 (20) 
37500 0.90879 
60959 0.37500 1.39778 

—0.19329 0.90879 


371090 1.15928 —0.37500 1.39778 | 


6 
ith Eq. (3 
= 
(27a 
| 
pee 
| 
ee 
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The rib has not been defined as yet. Two possible rib configurations will be analyzed in this paper. In the first 
case, the rib is considered as a beam identical in section to the spar. This leads to the following stiffness matrix 
for the rib: 
Wy Vo 
0.15086 
[A] = Et} —0.00976 0.00098 
0.06413 —0.00976 0.13086 (30a 
0.00976 —0.00098 0.00976 0.00098 
In the second case, the rib is treated as a flat plate. The general stiffness matrix which has been derived for a 
rectangular flat plate is of order S X 8. However, in the present instance, the following conditions must be intro- 
duced to insure compatibility with the other portions of the structure (see Fig. 15 for subscript locations) 
th 
n 
W, = Wy l sing the same technique as described for the simple 
We = We Vo = —WVor truss, it is now a straightforward matter to form the 2 
; ane 7 stiffness matrix for the complete box. Advantage can 
and, likewise, for the forces 
be taken of the following: (1) structural symmetry 
F,, = F, Fy, = —F, that exists for the box with respect to the vy-midplane n 
and and (2) restriction in this problem to loads that act 8 
F,, = = normal to this plane. Under these conditions each 
Treating the rib as a flat plate (¢ = 0.050 in.) and apply- 
ing the above conditions leads to the following rib ot 
opposite displacements with respect to the xy-midplane, 
In other words, the box will deflect in the sense of a s 
t's conventional beam. The spar and rib stiffness ma- b 
5.65088 trices already provide for such elastic behavior. The k 
‘ Et| —0.37500 0.08754 plate stiffness matrices make no distinction, other than 
[A] ws 1.84181 —0.37500 5.65088 in the sign of the node forces, for a reversal in direction F 
0.37500 —0.03754 0.37500 0.03754 of node displacement. Consequently, if the normal I 
(30b) loading is carried equally by upper and lower nodes, 
only the upper set will need be considered when forming I 
It is anticipated that the choice of rib will have little the box stiffness matrix. Due to the division of load- [ 
effect on deflections due to the bending-type loading ing, correct deflections will result. In this manner ( 
and a more pronounced effect on the twisting-tvpe the stiffness matrix for the box is found to be |Eq. t 
loading. (30a) used for rib stiffness | 
2.04782 ‘ 
—0.37500 1.52864 
[K] = Ft} —0.05227 =—0.00976 0.00430 
ee 2 | —0.19329 0 0 2.04782 
0 — 1.09515 —0.00976 0.37500 1. 52864 
| 0.00976 —0.00098 —0.05227 0.00976 
The inverse of this matrix is the flexibility matrix. 
0.22705 1.66224 
= 2 S744 2.72965 409 . 39998 (39) 
box Et 0.20384 —0.08123 —5.55027 0.81646 
0.08123 1.26026 5.01982. —0.22705 1.66224 
~2.72965 409.39998 | 


—5.55027 —5.01982 142.67751 —10.47344 
From the flexibility matrix, deflections due to applied loads can be found at once. For the two cases of applied 


loadings we find the following (rib treated as beam). 
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(32) 


STIFFNESS AND DEFLECTION ANALYSIS 


Case | (bending) : 


Forces of 1 Ib. acting upward at each spar (nodes | and 2). 


= 11,041 55/E 
we = 11,041 .55/E 


Case 2 (twisting): 


—320.47 E = —45.80,/E 
—320.47/E = 45.80/E 


Force of | Ib. upward at node | and | lb. downward at node 2. 


w= 5,334.45/E My 


Wo = —5,334.45/E = 


Similar results may be calculated for the case when 
the rib is assumed as a plate. Complete details are 


not given. In bending we get w, = 10,888.12 &, 
u = —310.56 FE, and = —18.25 FE. Twisting 
results are = 3615.72/F, = —25.84 EF, and 7, = 
349.52 E. 


It is now advisable to select additional nodes and 
recalculate the previous deflection data. When added 
nodes have little effect on results, the process can be 
considered to have converged. Whether convergence 
be to the correct values requires additional information. 
These questions are now examined. 

First, solutions are found for the node patterns 
shown in Fig. 16. Vertical deflections at node | for 
bending-type loading are as follows: 


Fig. 16(b) w, = 8591.2/E 
Fig. 16(c¢) w@, = 8548.4/E 


It is seen that the change in w, in going from the node 
pattern of Fig. 16(b) to 16(c) is about 1 2 per cent. 
Consequently convergence can be assumed to have 
been attained with the solution found from Fig. 16(b). 

Obviously the first solution, based on Fig. 15, is in 
considerable error. This is due to the poor tie between 
spars and cover plate. Fig. 16(a) introduces an add1- 
tional tie between these two components. The de- 
creased value of w; for this case therefore reflects the 
added stiffness due to including the two nodes at the 
mid-span location. 

An unexpected result is the close agreement between 
the solutions based on Figs. 16(a) and 16(b). In fact 
it would seem reasonable to expect Fig. 16(b) to lead 
to a smaller value for w, than that given by Fig. 16(a). 
Careful scrutiny, however, indicates that these results 
are quite reasonable. Whereas the node pattern of 
Fig. 16(b) accounts for shear lag in the cover plate, this 
is not the case with Fig. 16(a). As a result, the added 
stiffness in Fig. 16(b), due to the additional nodes 
connecting spars and cover skins, is offset by the 
added flexibility introduced by shear lag in cover skins. 
The results indicate these factors to be nearly equal; 
hence the reason for the nearly correct values given by 
Fig. 16(a). 

Fig. 16(c) allows for shear lag and, at the same time, 
provides for adequate tie between spars and cover 


—98 .46/E = 154.99/E 


II 


9S 46 Vo 154.99, E 


plates. It can therefore be felt that this node pattern 
will give final results which represent convergence of 
the method. As mentioned previously, this is substan- 
tiated by comparison with values obtained from Fig. 
16(b). 

There remains the question as to what is the correct 
value for w, for this problem. Elementary beam 
theory gives w, = 6,900 F, and, if extended to include 
shear distortion of spar webs, gives w, = 7,740 F. 
Using Reissner's shear lag theory,'* the tip deflection is 
obtained as w; = 7,900 -&. Finally if Reissner’s shear 
lag theory is modified to include spar shear web de- 
formation, the result is w, = 4,740 &. This is the 
most accurate theory available. It agrees to approxi- 
mately 2 per cent with the numerical solution based on 
stiffness matrices. 

The pronounced shear lag effect in this problem and 
its marked influence on the vertical tip deflection are 
significant. It is precisely this effect that produces a 
very complex stress distribution in the cover skins. 
Nevertheless the plate stiffness matrix developed in 
Eq. (27a) and based on triangular subelements repre- 
sents this stress pattern with gratifying effectiveness. 

The solution for the node pattern of Fig. 16(c) was 
obtained in a few minutes by utilizing a program for a 
high-speed digital computer that computed individual 
plate and spar stiffnesses and then combined these 
into the stiffness matrix for the complete box. 


(XII) REDUCTION IN ORDER OF STIFFNESS MATRIX 


1, Eliminating Components of Node Displacement 

In an actual problem—as a wing analysis—the num- 
If, for 
purposes of discussion, 50 nodes are assumed, the stiff- 
By elimi- 


ber of nodes to be used can become quite large. 


ness matrix becomes of order 150 X 150. 
nating u and v components of displacement at each node, 
the stiffness matrix can be reduced to order 50 X 50. 
However, this reduction process {see treatment of Eq. 
(23), for example] can require the calculation of the 
inverse of a 100 X 100 matrix. Such calculations are 
best avoided at present. 

The problem that arises in eliminating the u and ¢ 
components can be handled satisfactorily in any one 
of several ways. First, the calculation of the inverse 
of a large-order matrix can be avoided by eliminating a 
single component at a time. This is a practical ex- 
pedient when automatic digital computing equipment 
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(c) (d) 


Nodes and supports for clamped rectangular plate 


Fic. 13. 


is available. Second, in some cases it may be feasible 
to eliminate “‘blocks” of « and v components at a time, 
thereby reducing the order of matrices to be inverted 
at any one time to a reasonable size (say 20 X 20). 
Third, the analysis can be carried out for sections of 
the structure, taken one by one. For each section, as 
a spanwise portion of the wing, the complete stiffness 
matrix can be determined. Elimination of u and 7 
components can then be carried out at any selected 
nodes, except those common to two distinct sections 
of the structure. Each section can be treated in this 
manner. By properly adding the individual section 
stiffness matrices, the total stiffness matrix can be ob- 
tained. Finally « and v displacements at nodes where 
the sections join together can be eliminated. The stiff- 
ness matrix that remains will apply to w deflections 
only. 

From a practical standpoint, the method just de- 
scribed has several worth-while features. For ex- 
ample all components of displacement at a given node 
may be eliminated. This can be useful when addi- 
tional nodes are felt to be necessary in order to account 
properly for regions of maximum structural com- 
plexity. Even though eventually eliminated, these 
nodes will have contributed to the elements retained 
in the stiffness matrix. 


(2) Inversion of Stiffness Matrix 


Ordinarily, only the first few low-order vibration 
nodes and frequencies are required for the purpose of 
carrying out subsequent dynamic analyses. Using 
the stiffness matrix directly in the matrix iteration 
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method leads to the highest frequency and correspond. 
ing mode. If the order of the stiffness matrix is high 
(say, 50 X 50), it becomes impractical to eliminate 
successively the higher modes and so eventually obtain 
the lowest modes. 

Inversion of the stiffness matrix leads to the flex. 
bility matrix. This matrix used in the matrix iteration 
procedure yields results for the lowest mode. There. 
fore, it is ordinarily preferable to know the flexibility 
matrix. 

If the stiffness matrix is of high order (say, 50 x 
50), inverting it becomes a major problem in itself, 
This can be overcome to some extent by employing the 
capabilities of present-day digital computing equip- 
ment. However, in many instances an alternative 
procedure may either be useful or necessary. Conse- 
quently, a possible approach to overcoming this diffi- 
culty will be outlined here. 

The proposed method consists of converting the 
original stiffness matrix A into a lower order stiffness 
matrix A*. This is accomplished by introducing a set 
of generalized coordinates which are related to the 
original displacements (on which A is based) through a 
set of appropriately chosen functions. The accuracy 
inherent in A will have a direct influence on A*. 

Suppose A is known for the cantilever beam of Fig. 
17. The order of A is 10 XK 10. Now assume a set of 
polynomials of the form 


COVER 
SKIN=t¢ =0.05" 


SPAR WEB=t,,=0.05" 


h= 
25.46 RIB 


= 
|. 922546" 


Ag = 6.365 SQ.IN. 


Fic. 14. Cantilevered box beam. 
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Fic. 15. Simplest node pattern for box beam 
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a set of 


=0.05" 


STIFFRESS AND 


P,(x) = + ox 
= (ox? bax? + Cox® 


P3(x) = dsx* + bsx* + 


Each of these will be made to satisfy the boundary 


conditions of the cantilever which are, 
PO) = PO) = = = 9 


Applying these conditions results in 


= G(x/L)? — 4(x/L)* + 
P.(x) = 20(x/L)? — 10(v/L)* + (x 

(34) 
P;(x) = 140(v/L)? — 56(x/L)3 + (x 


We now introduce generalized coordinates g, which are 


related to the displacements y, through the above poly- 
nomials. 
equations 


Ve P, (No P;( No) 
= q ( ao ) 
qs 
Vw Py (x) P5(Xx10) J 
It is seen that the ten displacements Wo, ..., Vio are 


to be replaced by the five coordinates q2, . . gs. 
The free vibration problem for the cantilever can be 
set up in terms of kinetic and potential energies. In 
terms of original displacements vo, ... , Vio, these 
energies are, respectively, 
T = (1/2) [AZ] and 
V = (1/2) [A] 


(36) 


where {.1/] is the inertia (mass) matrix and [A] the 
original 10 & 10 stiffness matrix. 
Writing Eq. (35) as 
= 
and substituting into Eqs. (36), 
T = (1/2) [M] [P] 
= (1 2) [P]’ [K] [P] 
from which we define 
[K*) = IK] 
[./*] = [P]’ [17] [PJs 
lt K is of order of 10 X 10 and P of order 10 X 5, K* 
will be of order 5 X 5. The vibration analysis is now 
perlormed using A* and ./*. By inverting A* the 
lower modes can be calculated directly. Or alterna- 


tively, A* can be used and all modes and frequencies 
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This relationship is established through the 


ANALYSIS 


(a) (b) (c) 


Additional node patterns for box beam 


‘all 


1234567890 
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@ 


Station selections on cantilever beam 


Fic. 17. 
determined, starting with the highest. This is feasible 
if A* is of sufficiently low order (say, 10 & 10). 

This process can be modified in several respects, and 
the purpose here is not to give an exhaustive treatment 
but rather to simply point out a possible approach to 
the problem. Preliminary calculations indicate that 
the idea may possess practical value. 
two-dimensional grid can be made by generalizing the 


Extension to a 
procedure suggested above. 
APPENDIX (A) 


DERIVATION OF SPAR STIFFNESS MATRIX 


The structure and notation are described in Section 
(IX) and Fig. 4. 

Flanges are assumed to carry axial stresses, while the 
Cover plate material is not 
Derivation below is 


web carries shear stresses. 
included as part of spar flanges. 
based on conventional beam theory. 


Case 1 


= 0; all other components of node dis- 
placement for the beam = 0. 

The deflected beam and necessary forces and reac- 
Due to forces F, at the 
The F. forces 


tions are shown in Fig. A-1. 
left end, the beam deflects upward. 
cause a downward deflection. Beam theory, including 
effects of uniformly distributed shear in web, gives 


(ED (ED 


where w and @ are deflection and slope at the left end of 
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ina similar manner. When w, = wy O, while aj 

' Fy, +Fy, other nodes are held fixed, the forces of Fig. A-2 apply 

2 Forces due to displacements imposed on the right 

2 Xe hand end of the beam may be written from the aboy, 

2 ‘ results by analogy. The final spar stiffness matriy 

is given as Eq. (11a). 
APPENDIX (B) 
Fic. A-l. First beam displacement required in developing 
beam stiffness matrix. PLATE STIFFNESS MATRICES 


Several plate stiffness matrices are given here with- 


Fa, out derivation. 
ifs 1) Triangle—Arbitrary Node Locations 
Xe 
1 
J 
2 2 4 
F. F 
By 
2 X3,43 
Fic. A-2. Second beam displacement required in developing 
beam stiffness matrix. x 
2°Y2 
the beam, respectively, and » is given by Eq. (11b). 
Due to boundary conditions, w = 0; also, from the 
geometry of the deflected beam, 6 = 2”, h. Using 


these relations in Eqs. (A-1) and (A-2) and solving for Ky» Jy 
forces gives 


SEI 1+n 4 fe) 


+ 4n Lh?(1 + 4n) 3 
(A-3) Fic. B-1. Triangular plate element with arbitrary node locations 
GET | h The stiffness matrix will be defined with respect to 
hL? 1+ 4n Lh?(1 + 4n) L the equation 
Forces at node 2 follow from equilibrium considerations. F,, My 
They are F,, 
1+ 4n Lh?(1 + 4n) 3 
143 
(A-5) v3 
FF. = —f, (A-6) Again adopting the notation 
The above forces represent the first column of the re- — xX, =(1l—v) 2, A= (1 
quired stiffness matrix. The other columns are found (B-2 
we get 
X37 + 
IK] = ¢ 
(B-3) 
1/(1 — 
where o= 
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2) Rectangle The stiffness matrix given below for the rectangle is 
y v based on the load states shown in Fig. 7. Asa result 
this matrix is more general than that given in Eq. (27) 
due to the inclusion of linear terms in the strain expres- 
sions, 
| 4 Again the stiffness matrix is arranged to agree with 
the equation 
a aA F, v1 
Ue 
Pu 1K] (B-4 
F, (3 
2 | 
Fic. B Node locations for rectangular plate element 2 
in which [A] is given by 
Vo U3 ry My vs 
ay +- 
] + Vv a + be 
a, — — dy a; + 
Ei 3v— | C2 — Ae do + by 
—l-~vyp — — | — b ast b 
— 3: as — de 1+ sv—] tom do +b 
where, in the above matrix, 
a, = m(1 — = (23m) (4 — v?), = (2/3m) (2 + v*)) 
as = (1 — v)/m, by = (2m 3) (4 — v?), Co = (2m/3) (2 + »?) § 
m=lth (see Fig. 7 (B-7 
Eq. (B-5) simplifies to the following if » = 1 3: 
1) If» to i U3 
IS gi(l m 
go(m 0 
Et 0 m —18 gi(l m 
K] = — (B-8) 
90 —18 ¢3(m 0 
—18 m 0 go(l m IS ¢i(1 m) 
0 go( IS m 0 ¢s(i m) —18 
where gi(m) = 9m (35 m), m) = (9'm) + 35m 
go(m) = Im — (35/m), g(lm) = (9m) — 35m 
¢o3(m) = —9m + (19 m), ¢3(l1 m) = (—9 m) + 19m 
gs(m) = —9m — (19/m), gs(1 m) = (—9/m) — 19m 


3) Other Shapes 


Although the parallelogram and arbitrary quadri- 
lateral can be treated in a manner similar to that used 
for the rectangle, the individual elements in [A] tend 
to become unwieldy. For that reason use of automatic 
digital computing equipment is considered to offer the 
practical means for obtaining stiffnesses of such plates. 


Programs for carrying out such calculations can be de- 


termined by following the basic ideas developed in this 
paper. 
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Forced Responses of Two Elastic Beams 
Interconnected by Spring-Damper Systems 
MICHAEL DUBLIN* ann HANS R. FRIEDRICH? 


Convair, A Division of General Dynamics Corporation 


SUMMARY 


This paper presents a method of obtaining the forced responses 
due to a sinusoidal input of two elastic beams interconnected by 
The beams are 


assumed to have variable mass, variable stiffness, and variable 


spring-damper systems (see Fig. 1). elastic 
structural damping distributions. 

The theory developed has practical application in the investi- 
gation of forced responses during rough water taxiing of a sea- 
plane equipped with hydroskis. It can also be used in other 
forced vibration problems where the elasticity of the beams is 
important. 

Numerical results are presented to show application of the 
theory for a simplified configuration (see Fig. 2). These results 
clearly bring out the importance of the elasticity of the beam in 
such forced response investigations. 

Finally, remarks are made on how to utilize the results of this 
paper to obtain the responses due to an arbitrary force input. 


(1) SYMBOLS 


Referring to Fig. 1 the following nomenclature is used: 


Vn = vertical displacement of lower beam (in.) at 
any station ‘‘n’’ (positive down) 

Oy = angular displacement of lower beam (rad.) at 
any station ‘‘n”’ (positive counterclockwise ) 

My = mass of lower beam at any station ‘“n’”’ 
(lb. sec.?/in. ) 

es = shear on lower beam in pounds at any station 
“n’’ (positive due to down load at left end 
of beam ) 

B,, = bending moment on lower beam (in. Ibs.) at 
any station ‘“‘n’’ (positive due to a down load 
at left end of beam) 

w = frequency of exciting foree on lower beam 


(rad./sec. ) 
sinusoidal exciting force on lower beam (Ibs. ) 
linear spring constants (Ibs./in.) as shown in 
Fig. 1 
linear damping coefficients (lb. sec./in.) as 
shown in Fig. 1 
Xn = horizontal coordinate of lower beam at any 


station ‘‘n’”’ (in.) 


i= Y—1 = (only when not used as a subscript) 

Or,, dr, = complex elastic coefficients (Ib.~! and in./Ib., 
respectively) of lower beam at any station 
“n” due to a unit force F. These are as 
defined in reference (1) 

du, = complex elastic coefficients (Ib.~! in.~! and 
lb.-', respectively) of lower beam at any 
station ‘‘n’’ due toa unit moment J/. These 
are as defined in reference (1). 

Vi = distance between any two stations on the lower 
beam (in.) 

R, = reaction force (Ibs.) between upper and lower 


beams at station ‘‘e”’ in Fig. 1 
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R = reaction force (Ibs.) between upper and lower 
beams at station ““d”’ in Fig. 1 
E = arbitrary vertical displacement of lower beam 


at station ‘‘f”’ in Fig. 1 (in.) 


at station “f” in Fig. 1 (rad.) 


Sp = vertical displacement of upper beam (in 
at any station “‘p’’ (positive down 

Bp = angular displacement of upper beam in radians 
at any station ‘‘p”’ (positive counterclock 
wise 

Up = mass of upper beam at any station ‘‘p” 
(Ib. sec.?/in.) 

U, = shear on upper beam (Ibs.) at any station “p” 
(positive due to down load at left end of 
beam ) 

W’, = bending moment on upper beam (in. Ibs.) at 
any station “p’’ (positive due to down load 
at left end of beam) 

Sp = horizontal coordinate of upper beam at any 
station ‘‘p’’ (in.) 

trp, Urey = complex elastic coefficients of upper beam at 
any station “p’’ (analogous respectively to 
bp, and 

up, Ou = complex elastic coefficients of upper beam at 
any station ‘‘p’’ (analogous respectively to 
Py, and 

ty = distance between any two stations on the upper 


beam (in. ) 
6 = arbitrary vertical displacement of upper beam 
in Fig. 1 (in.) 
displacement of 
1 (in 


at station 
Y = arbitrary angular 
beam at station ‘‘g’’ in Fig 


upper 


Subscripts a, 4, c, d, e, f, and g refer to stations shown in Fig. 1 
for either upper or lower beams. 


(2) INTRODUCTION 


I CERTAIN FORCED VIBRATION problems where beams 
are interconnected by spring-damper systems it is 
necessary to consider the elasticity of the beams in 
order to obtain realistic values of the forced responses 

i.e., either the deflection shape or the force transmitted 
from one beam to another. A practical problem ot 
this type is the forced response of a seaplane equipped 
with hydroskis when taxiing in rough water. Fig. | 
shows the idealized system configuration for this 
problem. In this figure the upper beam represents 
the wing and hull, the lower beam represents the ski, 
k. and c, represent the forward shock strut, k, and 
represent the aft shock strut, &, and c, represent the 
water spring constant and damping coefficient, and 
P, represents a sinusoidal input force. Although i 
practice the input force is not sinusoidal, if the response 
is known for a sinusoidal input then it can be utilized 
to obtain the response for an arbitrary input. 
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STATIONS 


UPPER BEAM 


Fic. 1 


System configuration 


Basically this paper presents a method of obtaining 
the forced responses due to a sinusoidal input on the 
system configuration shown in Fig. 1. It is assumed 
that the beams can be represented by discrete masses, 
so that, in effect, the beams are assumed to have vari- 
able mass, variable stiffness, and variable structural 
The herein is 
essentially an extension of Myklestad’s method de- 


damping distributions. method used 
scribed in reference 1. 

This paper also presents some numerical results to 
show application of the theory presented here. 


(3) RESPONSE EQUATIONS FOR Two ELAstic BEAMS 


Referring to Fig. | and assuming harmonic motion, 
the shear and bending moment at any station ‘‘n’’ on 
the lower beam are, respectively, 


S,= myw? — P — (k, + icw)y, — 
(Ra + t¢qw)(Ya — Sa) — (Re + — (1) 
l 
— X,) — P(Xe — Xn) — 
(R, + — — (Ra + icyw) (Xa — X 
(Va — 2a) — (Re + — — Se) (2) 


Analogously, the shear and bending moment at 
any station “‘p’’ on the upper beam are, respectively, 


+ icgw)(Va — Sa) + 


(Re + 16)(Ve — Ze) (3) 


— Sy) + (Ra + iCaw)(Sa — Sp) X 


— Sp)(Ve — Sc) (4) 


(Va — Sa) + (Re + ic) (Ss, 


Eqs. (1)-(4) apply to the right of station ‘‘c’”’ in Fig. 1; 


at any station to the left of station ‘‘c’’ appropriate 
terms in the above equations are taken equal to zero. 

The reaction forces between the upper and lower 
are, respectively, 


beams at stations ‘‘e’’ and “‘d”’ 


Re = (Re + — Se) (5) 


Ra = (Ra + teqw)(Na — 2a) (6) 


For the lower beam the vertical and angular dis- 


placements at any station “n’ and “n + 1” are, 
respectively, 

= + fet — 6 — gp,P ‘) 

Vast = — — S Bid (9 

Qn) = a, — S,tr, — 10) 

where g,, gz, ete., are linear amplitude coeflicients, 


ev, Je, ete., are angular amplitude coefficients, and 
the arbitrary displacements of the Jower beam at station 


Fig. 1 are 


97 & 1] 
= (12) 


The initial values of the linear and angular amplitude 
coefficients of the lower beam at station “‘f” are 


So, = be, = 1,81, = = O87, = OF 
(13) 
1,f,=0,f,,=0,f5, = 0, fr, = 0 \ 


For the upper beam the vertical and angular dis- 


placements at any station “p” and “p + 1” are, 
respectively, 
hy h hs 6 Aly I (14) 
8, = kyo — ky é + ky, — ks 6 — kp P (15) 
Spal = 2, pur — pe (16) 
= U ptr, = i (17) 


where hi, hg, ete. are linear amplitude coeflicients, 
Re» Re, ete., are angular amplitude coefficients, and 
the arbitrary displacements of the upper beam at 
station ‘‘g’’ in Fig. | are 


= (1S) 
3B, = ¥ 19) 


The initial values of the linear and angular amplitude 


coeflicients of the upper beam at station “‘g” are: 
h, =0,h; =0,h, = 0, hs, =lhp =0 
(20) 
k, =0,k,. = 1, ks, =(0,kp =0 
Now, by substituting Eqs. (1), (2), (7), (S), (14), 


and (15) into Eqs. (9) and (10), and by substituting 
Eqs. (3), (4), (7), (8), (14), and (15) into Eqs. (16) 
and (17), there result, after considerable algebraic 
manipulation, the following equations for the linear 
and angular amplitude coefficients at stations ‘‘n + 1” 


and “p + 1” 
= Bey + — Hey — Te, 
N,, — K,, + R,) — du,(Ge,' — 
+N,’ ~ + 
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= + dp (Ge, 


Ky + — du 


= 


dr,(G,, 


n+ 


Bry 


— — 


Sn 


+ R:,") 


+ 


N, - + du (G,,’ — IJ. 


N; = R;,) ~ dir, (Gs, 

= 


= gp, — de, + 


nel n 


Ip, + Np, Kp + Rp, )—d 


K,’+R,.’) (23) 
+ 
Ky’ + (24) 
Ge ip = 

rr 
Vag 


Gp’ = Tp’ + Np’ = Kp! + Rp’) 


(25) 
fe... = Se, + — He, — Te, + Ney — Ke, + 
Re) + (Gez,’ — H, ’ — I,’ 
’ + (26) 
K,’ + (27 
Rs ) + (G5, IT,’ = I,’ 
K;’ + Rs") (28 
NV,’ —K,’ + R,.’) (29) 


Kp, Rp,) Tay, | + Gp’ = Hp ' — 


Ip,’ + Np.’ Kp + Rp 


Ae = he + Dp (Me, + —Q. + 


+1 


hs + (M5, + 


p 


L;, — Ss,) — Ou + Js,’ 


sp 


Js. + 


(30) 


hp  =hp (Vp +Jp.—Qp + 
pri pri yp p 
Lp’ Sp') 
k, =k, -O, +h, -—S,)4+ 
p p p 
k =k —-Q +i —S,)4 
Sp+1 Sp Sp Sp Sp Sp 
fia ( My,’ + — Ox,’ + Le ‘—S.") 
in + J,,’ — + £,," — (38 


k; Rs, + M;, +J; —Q; + Lis, — S;)+ 
+J;’—0O;’+L;’ —S;") (39 


vp 
ie = kr — tir (Mp, + Jr, — Or, + Lr, — Sp) - 
ut (Ve,’ + Jp’ Op Sp") (40) 
where the abbreviated nomenclature shown in Table | 
is used. 

By writing the equations for the shear and bending 
moment on the lower and upper beams at stations 
“b” and “a,” respectively, the following equations arc 
obtained, which, when solved simultaneously, give the 
arbitrary amplitudes ¢, & y, and 6: 

a = (-G, + 1,, Na & Je 
G, — 15, + Nz, ~ + 

(Gy, — — + Ny, — Ka, + + 
(—1 Gp, + Hp, Ip Np. + Kp, Rp )P = () 


i 


~ K,,’ — 8,14 
(G5, — — Ky,’ + + 


(M, + J, + £,, + 

( +J; +L; S5,,)6 + 
Je + Or — Le, + Sp) P = (43 


S826 
= 
, 
fc 
H 
tag 
ate 
(41 
B, = (~G,’ +H,’ +1,,' — + | 
on 
ey Sep) Ou, + Jey’ — + Kp,’ — Rr,)P =0 (2 
: 
(82) 
et 
(33) u,’-J,.’ | | 
= Ja! + ~ Le! + 
) (34 ) (44 
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FORCED RESPONSES 

In summary, for any w and P, the equations derived 
permit the calculation of the elastic displacements by 
means of Eqs. (7) and (14), and the reaction forces 
between the upper and lower beams by means of 
Eqs. (9 and (6). 


(4) APPLICATION OF THEORY 


To show the application of the theory, consider the 
simplified single elastic beam configuration shown in 
Fig. 2. The 
readily obtained from those in the preceding section 
When the 


point x, for applying force P is replaced by point x, 


necessary response equations can be 
by putting appropriate terms equal to zero. 


the following results are obtained from Eqs. (1) and (2). 


5, = miyw — P — (ka + 
(Re + (45) 
B, = — X,) — P(x; — x.) — 
(Ra + (Xa — Xn)Va — (Re + (Xe — (46) 
From Eqs. (5) through (S) follows: 
R. = (ke + (47) 
i} 
Ra = (Ra + Va (48) 
Yn = + & — (49) 
a, = — — fe,P (50) 


When the point x, for applying force P is replaced 


by the point x, the following results are obtained by 


Eqs. (21), (22), (25), (26), (27), and (30): 
| - 
| du (G,.’ — — K,,") (51) 
du — — K;.’) (82) 
du — X + Gp!’ —T1; ‘— Kp") (53) 
fe, t+ (G,, — Az) + 
vu (G I, A: (55) 
} Tr (1 + Gp. Tp. Kp.) 
fu — + Ge! — Ip’ — Kp’) (56) 


When the end point 6 is replaced by a new end point 
cand the point x, for applying force P is replaced by 
| the point x, 
Eqs. (4] 


the following results are obtained by 
and (42): 


(57) 


— Gp. + Tp. Kp.)P = 0 


OF 


TWO ELASTIC BEAMS S29 
B. = (-—G,.' + + Kye + 
— I," — + 
(—j xy Net — Gp Tp ‘+ Kp")P = 0 OS 
If the beam is assumed rigid then Eqs. (45) through 
(OS) are applicable by putting dy) = dv, = tp, = 
ty. = O. Hf, in addition, it is assumed that the 
frequency is taken equal to zero, then the trivial static 
solution is obtained under Eqs. (13) i.e., 
a = 
= g, Ol) 
—kg,. — kag 
c= (G2) 
(g. — g..)? kk, 
P —kg,* — 
= 63) 
(So. — Eee)? 
R, = P (G4) 
Lo. 
R, = (G5) 
Now assume that the beam shown in Fig. 2 is 


idealized by 7 mass stations, and assume that the 
masses and complex elastic coefficients are as shown 
in Table 2. The reactions R, and Ry were computed 
for the five cases of parameter variations listed in 
Table 3, and the results are plotted in Figs. 3 and 4. 

A close examination of these figures shows the im- 
portance of the theory developed herein in designing 
a configuration such as shown in Fig. 2. It is seen 
that improper choice of parameters can result in loads 
transmitted to the foundation which are very much 
greater than the loads transmitted due to static loads. 
For one set of parameters considered —1.e., Case 3 in 
Table 3 —it is seen that the load transmitted to the 
foundation at the forward support is 22 times greater 
than the load transmitted due to a static force.  Fur- 
ther, from results of calculations not shown herein, 
it can be said that in general the elasticity of the beam 
cannot be ignored in such response calculations because 
the resulting loads transmitted to the foundation for a 
rigid beam would be considerably less than for an 
elastic beam. 

To optimize a configuration such as shown in Fig. 2 
in order to achieve minimum loads transmitted to the 
foundation requires a thorough study of parameter 
variations. 

(9) RESPONSES DUE TO ARBITRARY FORCE INPUT 

The theory presented above pertained to the re- 
sponses of two elastic beams or a single elastic beam 


excited by a sinusoidal force. In practice, generally 


(Continued on page 887) 
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SUMMARY 


Isoenergetic rotational flow behind a curved shock wave is 
studied by flux analysis using the streamline coordinates. The 
vorticity equation can be integrated along the curvilinear co- 
ordinate perpendicular to the streamlines and gives a relation 
between velocity and flow patterns under the known distribution 
of entropy in the following form: 


¥ 
2}, 2,—S/ 9 9 de 


vb 


Integrating the formula by the first assumed pattern of flow 
and entropy, the stream function can be calculated and flow 
The flow field behind a curved shock wave 
A calculated ex- 


patterns corrected. 
will be determined by successive procedures. 
ample of supersonic flow around a circular cylinder with a de- 
tached bow shock wave is shown to be in fairly good agreement 
with experiment. An asymptotic approximate solution of non- 
viscous supersonic or hypersonic flow along a flat plate is also 
presented. 


SYMBOLS 


¥,S = Cartesian coordinates, where xy plane is chosen 
as reference or meridian plane 
a, B, ¥ = orthogonal curvilinear coordinates 
Ce = arc length of a, 8, and y axes, respectively 
hea, hg, hy = parameters in curvilinear coordinates 
p = pressure 
p = density 
/ i = temperature (absolute) 
= entropy 
= enthalpy 
R = gas constant 
: = specific heat in constant pressure and volume, 
respectively 
4 = ¢,/¢, = ratio of specific heat 
q. 4 = velocity vector and its magnitude 
Jas 9B) Gy = a, B, and y components of g, respectively 
u,v, W = x, y, and z components of qg, respectively 
Gny Qt = normal and tangential velocity component on a 
curved shock wave, respectively 
= velocity of sound 
total energy 
stream function 
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The Rotational Field Behind a Curved Shock 
Wave Calculated by the Method of 


Flux Analvsis 


SHIGEO UCHIDA? ann MICHIRU YASUHARA: 
Institute of Sctence and Technology, University of Tokyo 


= y component of rot 

€ = constant (« = OU in two-dimensional flow and 
= in axisymmetric flow) 

w = angle between velocity vector and tangent to 
shock wave 

6 = deflection angle of streamline through shock 
wave 

7] angle of flow direction 

o = angle between streamline and sonic line 

¢ = angle of station along surface of circular cylinder 

K = connection factor for boundary condition at 


shock wave 
l = reference length 


d = diameter of circular cylinder 

b = detachment distance of bow shock wave from 
nose of body 

e = distance of end of cylinder from tunnel wall 

= (p — 12/2) = pressure coefficient 

Por = total pressure in uniform upstream 

Pos = impact pressure indicated by pitot tube inserted 
in field behind curved bow shock wave (see 
Fig. 29) 

Subscripts 

0 = quantities in state at rest of undisturbed flow 

2 = quantities at state of locally sonic 

b = value along a certain boundary, which will be 
replaced by s in the present calculation 

a = quantities along the fixed surface 

S = quantities immediately behind the shock wave 

i, 2 = quantities before and behind the shock wave, 
respectively 

m = grade of approximation 


INTRODUCTION 


Bow ROTATIONAL FLOW behind a curved shock wave 
was first studied by Crocco,' who showed _ the 
possibility of getting local solutions immediately behind 
the shock wave. Analysis of the whole field, however, 
was not attempted for many years and, excepting sev- 
eral examples, it will not be sufficient even today. 

The difficulty of the analysis of flow with a detached 
shock wave, especially in front of a blunt-nosed body, 
seems to be caused by the difficulty of finding proper 
means of linearization. By the wide range of velocities 
containing both stagnation and sonic state in the 
single field and by the remarkable deformation of flow 
patterns, neither Janzen-Rayleigh’s 1/°-expansion 
method nor the ordinary linearization respecting the 
small thickness of body can be applied. 

In this connection, the method of series expansion 
with respect to coordinate variables was studied by 


win anc tbinov? and others*~7 in rigorous forms, é 
Lit 1 nd otl s forms, and 
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many of them gave a relation between shock location 
and the radius of curvature of the body nose under the 
known upstream conditions. As Busemann* pointed 
out, the shock location will not always be determined 
by the nose radius only, and the validity of cited results 
will be limited to the case where the shock wave is 
situated sufficiently close to the nose of the body as 
compared with its radius. Busemann also suggested 
that the configuration of the free streamline near the 
sonic line plays a significant part in the present prob- 
lem. The same conception was developed by Moeckel," 
who introduced rough assumptions into the form of 
the shock wave and the sonic line and produced a 
practical method for determining the location of the 
shock wave. 

Another rigorous solution was given by Vincenti 
and Wagoner," who solved the transonic small disturb- 
ance equation in the hodograph plane for the case of 
flow past a wedge profile, where the boundary conditions 
are completely given in the hodograph plane. The 
theory of small perturbation can be applied to the 
wedge of a small apex angle as a special case, and the 
effects of rotation can reasonably be neglected. 

An analytical method for the hodograph plane will be 
unsuitable for the general case, not only because of its 
difficulty in prescribing the boundary condition along 
the body surface, but also because of its complexity in 
transforming the vortex flow into the hodograph plane, 
as was indicated by Goldstein and Lighthill,'' while 
the effect of vorticity cannot be negligible in the general 
case of detached curved shock wave.'” 

In order to hold the nonlinearity of the flow pattern 
as well as the effects of rotationality, numerical calcu- 
lations were studied by several authors.'*~'® Many of 
them treated the present problems by the relaxation 
method starting with the observed form of shock waves. 

Another way of approximation was tried by Laitone!? 
and Tamada,'* who calculated the location of the shock 
wave by assuming the same configuration of flow as 
that of incompressible flow. The latter and similar 
calculations'® °° gave fairly good results for the flow 
around a sphere, but they were not sufficient for flow 
around a circular evlinder. 

In the present paper, the method of flux analysis 
introduced by the senior author is applied to solve the 
whole field of rotational flow behind the curved shock 
wave. The general principle of the method was pre- 
viously reported, and its application was made to the 
isentropic flow through a Laval nozzle with circular 
walls*! and to compressible cascade flow through tur- 
bine blades. 22 

The principle of this method is to reduce the partial 
differential equation into the form of an ordinary one 
by taking suitably chosen curvilinear coordinates 
that is, streamline coordinates, in this case. The 
equation of vorticity in the present isoenergetic rota- 
tional flow is given by Eq. (39), where only derivatives 
respecting a single variable are involved. Therefore, 
it can be integrated as shown in Eq. (41) and gives 
a relation among magnitude of velocity, flow pattern, 


and entropy gradient. This relation may be equiva- 
lent to the characteristics in a broad sense. 

In this connection, Mevyer** has also introduced the 
equation of motion in the rotational flow referred to the 
streamline coordinate and has indicated by general 
consideration that the streamline will have a property 
of characteristics because equations of motion do not 
determine the rate of change of velocity g and entropy S 
in the direction perpendicular to the streamlines. 
Hence, discontinuities of normal derivatives of these 
quantities to the streamlines are allowable. 

A similar but slightly different principle from the 
present method has been reported independently by 
Fox and Southwell,?! whose method differs in making 
correction of the coordinate factor i.e., Eq. (15 
referring to the fixed curvilinear coordinates. Another 
principle of the method of fixed curvilinear coordinates 
and calculating the correction term in the differential 
equation, which is omitted in the first approximation, 
has also been found and studied independently by 
Green and Southwell” and the present senior author.*! 
The latter principle of the method is more analytical 
but is not convenient for numerical calculation as it 
contains differential procedure in the way of successive 
calculations. 

In the present paper, therefore, the former method 
flux analysis is employed. Computations are started 
by assuming the flow patterns and the form of the bow 
shock wave, which gives the distribution of entropy. 
Substituting these quantities into Eq. (42), velocities 
in the field are obtained, and, by further integration 
with the aid of the continuity and energy equations, 
the first approximation of the stream function can be 
calculated and permits the correction of the first as- 
sumed streamlines. The procedures are repeated, and 
successive calculations will give the final convergent 
solution. It is not difficult to satisfy the boundary 
conditions on the bow shock wave for the flow with the 
attached shock wave, where its original point is fixed. 
If the shock wave is detached, relaxed boundary con- 
ditions are satisfied in the first steps regarding the shock 
location as a parameter. A factor indicating the in- 
completeness of the boundary condition is found as a 
function of the parameter of the shock location, and the 
correct location can be determined by interpolating 
the value of completeness of the factor. 

In this method, the property of nonlinearity of the 
flow pattern can be considered to a fairly great extent, 
but, since the processes are so complicated that the 
calculation must be performed by numerical or graphi- 
cal procedures, very high accuracy cannot be expected. 

Illustrations are given for the supersonic flow around 
a wing of semiconvex section with an attached shock 
wave and for the flow of Mach Number 2 around a 
circular cylinder as the simplest form of body with 
finite thickness. Experiments were also made for the 
case of the circular cylinder and compared with the 


analysis. 
In the present method, if the flow pattern is known, 
the calculation is much simplified. As an example 
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of such a case, uniform parallel motion of nonviscous 
fluid as an asymptotic solution of the hypersonic flow 
along a flat plate is studied, where velocities can be 
determined by entropy distribution only. Assuming 
the form of the bow shock wave, velocity and pressure 
for the flow of JJ = 


distributions are calculated 


2 5, and 10. 


FUNDAMENTAL EQUATIONS 
(a) Fundamental Equations for Steady Rotational Flows 


The steady rotational flow of a nonviscous and non- 
heat-conductive compressible fluid is governed by the 
following relations— 1.e., 

equation of state for the ideal gas: 

p/p = RT (1) 
or its deformation with the aid of the first and second 
law of thermodynamics: 


equation of continuity : 
div (pq) = 0 (3) 
equation of motion: 


Dq Dt = grad [(1/2)q*7| — q X rotq 

= —(1/p) grad p (+) 
and equation of energy in steady flow without dissipa- 
tion and heat conduction : 


7(DS/Dt) = q-grad S = 0 (5) 


The last equation means that entropy holds constant 
values along streamlines and, therefore, is given by the 
only function of the stream function, which is denoted 


by y. 


S = f(y) (6) 


If Eq. (5) is substituted into the first law of thermo- 
dynamics expressed by 


di 


TdS + dp/p (7) 


the equation of energy on enthalpy is reduced as fol- 
lows: 


(Di/Dt) = (1/p) (Dp/Dt) (S) 


Introducing total energy defined by 


(9) 
2 2 y= 

another expression of the equation of energy is obtained 

with the aid of Eqs. (4) and (8). 


DE/Dt = X rot q) = 0 (10) 


For steady motion, Eq. (10) shows that the total 
energy carried by the unit mass of gas does not vary 
along the streamlines, and, similarly to entropy, it can 
be expressed by 
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g(y) (1] 


Thus, distributions of entropy and total energy are 
determined by the upstream boundary conditions 
functions of ¥ only. 

Eliminating ¢ and p from Eq. 


as 


(4), Eq. (7), and the 
gradient of Eq. (9), a fundamental relation for vorticity 


is obtained.!: 


q X rotg + 7 grad S = grad 
= (0) (12 


where the term on the right-hand side vanishes in this 
case. 


(b) Fundamental Equations Referred to the Orthogonal 
Curvilinear Coordinates 
In order to get a characterized relation, fundamental 
equations are expressed in the form referred to the 
orthogonal curvilinear coordinates as shown in Fig, |, 
Introducing the parameters of curvilinear coordinates, 
h,, hj, and h,, the equation of continuity is 


diy (pq) = O( sh, ) 
high, Oa 
O( O(pg,h hs) 
03 Oy 


(13 


In the present paper, two-dimensional flow with the 
reference plane x, y and axially symmetric flow with 
the meridian plane x, vy, where the x axis is identified 
If the 4 
axis is chosen to be perpendicular to the x, y plane, the 


with the axis of symmetry, are considered. 


equation of continuity will be expressed by using the 


e-convention as follows: 


| O( pf g/t O( py sha" 
; = (14 
h Oa 
where « = 0 in two-dimensional and ¢€ = | in avially 


symmetric flow. Parameters of coordinates are de- 


6s 4 (2) 
= 
Oa \Oa 
| 
on Lfox\* ov\- 
= = 


From the equation of continuity, the stream function 


fined by 


can be introduced as an arbitrary function — which 
identically satisfies Eq. (14), defining 

oy 1 oy 

Ya a = (16 


Since the vorticity vector— i.e., rot g— has only one 
component, say ¢, in the direction of y in this case, 
dissolving Eq. (12) with the aid of Eq. (6), the formula 
of vorticity will be given by** 
1S/dy 7 
5 = (dS/dy) (1a) 
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The vorticity equation expressed in the orthogonal 
curvilinear coordinates is immediately obtained from 


Eq. (17) as 


(1S) 


\ 
Oa 03 R~ dy 


ga ¥» P» p, and S will be determined by Eqs. (2), 


16), (IS), (11), and (6) with the aid of proper boundary 


conditions. 


c Energy Equation in Isoenergetic Flow 


When the flow conditions at upstream infinity are 
uniform, the total energy £/ is constant in the whole 
field, because no jumps of energy occur through the bow 
shock wave, as shown later in Eq. (26). 

Introducing the velocity of sound, defined by 


a= V (0p/0p)s=const. = Y(P/P (19) 
the equation of energy can be expressed in several 


forms : 
= = 
2 ¥~3 2 
= = ds 
= const. (20) 


Eliminating p by the use of the equation of state, Eq. 
2), the formula of density is obtained from Eq. (20). 


p R 7 l 

=e 1 - 

p a 2 


(21 
y¥+ 1 az? 


L \ Pu isentropic 


BOUNDARY CONDITIONS 


a Fixed Boundary Along the Surface of a Body 


Along the solid surface of the obstacle, the stream 
When the curvilinear coor- 
dinates are chosen as they contain the surface of fixed 
boundary, represented by 8 = 8, = O, the boundary 
condition along it is given by 


function must be constant. 


=0 at i = 6 (22) 


where 3 = 3, can be chosen as the zero streamline with- 


out loss of generality. 


b)| Conditions Along the Bow Shock Wave 


Shock wave will be described in mathematical repre- 
sentation as a possible discontinuous surface through 
which fluid flows with reserving continuities of mass, 
omentum, and energy. Introducing the notations 


shown in Fig. 2, fundamental equations are given by 
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continuity law: 


= P2Qn2 (22 
momentum theorem: 
+ Pr = + p: (24) 
= P2Qn24e2 (25) 
and the law of conservation of energy: 


In solving these equations, several relations are ob- 
tained, as follows 


deflection angle: 


l y¥+ 1 M,? 
— | tan (27 
tan 6 2 sin? — 1 


pressure and density ratios: 


Ps = sin” | (2S) 
pr 3 24 


Pi 2 l 
(29 
p» + 1 LV)? sin? a, 2 
and entropy change in different expressions: 
S pe Pi 
e = (30) 
P2/ pi) 
1/4 
(pz pi) (p2 Pi) 
py ( p2/ pi) 
(30') 


The form of the shock wave will be represented by 
the use of curvilinear coordinates 


B = B,(a@) (31) 
similar to y = y,(v) in the case of Cartesian coordinates. 


In the 
equations, Eqs. (23)-(26), are replaced by the corre- 


present computations, four fundamental 
sponding four independent relations, slightly deformed 
as follows. 

The equation of continuity can be expressed by the 
form integrated from the zero streamline to the con- 
cerning point on the shock wave. 


ve = 
at B = B,(a@) (32) 


Two equations of momentum theory, Eqs. (24) and 
(25), are replaced by two formulas for deflection angle 
and entropy change—1.e., Eqs. (27) and (30) substi- 
tuted by Eqs. (28) and (29). 

Eq. (26) itself is used as the law of conservation of 
energy. Combining with the uniform condition at 
the upstream field, total energy holds a constant value 
throughout the whole field and the flow becomes iso- 


energetic, as mentioned previously. 


0 (13 
| 
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c) Limiting Characteristics 


and limiting characteristics must be considered as it 
affects the subsonic field of flow through the sonic line, 
while the region behind the limiting characteristics can 
be ignored because no disturbances arise upward from 
this region. In an isentropic flow, limiting characteristics 
will be given in the hodograph plane, a priort; however, 
the limiting characteristics will not be given in rota- 
tional flow that contains entropy distributions. 

In this connection, the approximate solution is first 
obtained in the physical plane by assuming the flow 
patterns. Then it is transformed into the hodograph 
plane for determining the sonic line and limiting char- 
acteristics. The principle is that the supersonic field 
will then be calculated by the theory of characteristics 
for rotational flow,” and the flow pattern in this region 
will be corrected. This form of calculation will not 
be suitable, however, for proceeding to further approxi- 
mations with new coordinates, because the streamlines 
will not be smoothly connected through the sonic line. 
Besides, this process does not seem to have sufficient 
accuracy, because the region between the sonic line 
end limiting characteristics is so narrow in the physical 
plane. In practice, therefore, special calculations by 
the method of characteristics will not be applied, but 
flux analysis will be extended into the supersonic re- 
gion, where the flow field is approximately solved by 
first assuming and then successively correcting flow 
patterns. This is equivalent to assuming and correct- 
ing the form of limiting characteristics, as mentioned 
later. 


PRINCIPLE OF THE METHOD 


(a) Characteristic Equation Referred to the Streamline 
Coordinates 


Taking suitably chosen curvilinear coordinates that 
coincide with the curve of solution about to be analyzed, 
it has been found that the partial differential equation 
can be formally transformed into an ordinary one in 
the general case and that it can be integrated along 
the coordinate curve perpendicular to the reference 
coordinate.*! For this purpose, fundamental equa- 
tions are expressed in the forms referred to the stream- 
line coordinates in which a component of the coordinate 
axis, say 8 = constant, coincides with the streamline 
yY = constant, as shown in Fig. 1. 

Velocity components on such streamline coordinates 
are 


Ja =% gg = O (33) 


Since 
= 0 


from Eqs. (16) and (33), the stream function will be a 
function of 6 only, and the derivative for transformation 
is given by 
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dy hey" 
= 
d3 
or (34) 
d3 


dy pgh sy 


Similarly, the equation of vorticity is reduced from 
Eq. (18). 


1 O(hgq) dS 


€ 


= y 25 
Og dy : 
Unification of variables will be made by substituting 
Eq. (54) into Eq. (35) as follows: 


1 ph, dS 
jRpqdg 
or 
WwW j§§§§Rpgqdy 


both in the same form. 
From the equation of energy, Eq. (20), the state 


quantity p/p is given by 


pip y¥-1 ¢ 
=l1- (3S 
Po/ po 2 


where Po/ po = ao?/7 


Then Eq. (57) can be transformed into the following 

expressions: 

| he 
OY 


q 
1 — [(y 1)/2 
Cp) 


ao dy 


This differential equation between the velocity g and 
the parameter of flow pattern /, under the known dis- 
tribution of entropy S will be equivalent to the char- 
acteristic equation in the method of characteristics. 
Regarding Eq. (39) as the differential equation of the 
velocity g under the known distribution of h, and $ 
and rearranging in the following form: 


oy oY dy Qo 


2  d(S/c,) 


integration is given by 


= 
7 
| 


he F,(a@) | 
| << 6 dy dy + a 


where the integral constant F,,(@) is an arbitrary fune- 
tion of a only. 

Determining F(a) by the quantities on an ade- 
quately defined streamline y = y,, the final form of 
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ROTATIONAL FIELD 
integration of the characteristic relation in a 
sense is given by 
ha é = ( ) Nar e 
dy 
dy 
dy 


2 Tha? iy 
dy 


For the practice of calculation, the following expression 


will be more convenient: 


h. 5 — Ss) ] b 2 
he Ao 
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broad 


(41) 


(41’) 


vo Wap dy 


or, in the fully nondimensional form, 
2 2 
(= ‘ e! S — Sb)/cp] x 
ay h,/l a y-1 
l ye podol (1 lab 


de~ 


Eq. (41) or 


1 (427) 
(1 /2)* 


(42) is an exact relation in the isoener- 


getic rotational flow which gives velocity distribution 
along an orthogonal curve of streamlines and shows 
that the velocity is increased by the entropy gradients 


in the direction where the latter 


decrease. 


Since 


neither the flow pattern nor the entropy distribution ts 


known in advance, 


calculations must be made by as- 


suming them and correcting the approximate solutions 


successively. 


If the effects of rotation are not large, as in many 


cases for the flow 


around thin obstacles, sufficient 


results will be available from one round of integration 
by substituting values of /, and S from the irrotational 
formula 


solution. In such treatment, the velocity 


given by Eq. 
vorticity correction to irrotational solutions. 


(42) will be regarded as a useful formula for 


For the special case of isentropic flow, where S = 


S, = S) = constant, E q. (42) is deformed into 


(q/ao)*h,” = (qv/ao)*har* 


= Nar/Na 


(43) 


and is reduced to the well-known relation between 
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velocity and flow patterns in compressible potential 


flow.?! 


.b) Approximate Method of Flux Analysis 


The flow field between the symmetrical obstacle and 
the detached bow shock wave as shown in Fig. 5 is con- 
sidered. The form of the bow shock wave 
entropy distribution behind it are assumed to be tem- 
porarily determined by relaxing a condition of momen- 


and the 


tum conservation through the shock wave, while 
complete conditions are to be satisfied in the final 
stage. 
Boundary conditions to satisfy continuity are 
y=y, = 0 at 8B=8,=0 (22 


to 


y = Vs = at = B.fa) 


or, expressed in nondimensional form, 


The flow patterns are conveniently assumed so that 


the boundary condition along the fixed surface is auto- 
matically satisfied—for example, by those of incom- 
pressible potential flow around the obstacle concerned, 
where the zero streamline along the body is chosen as 
the coordinate axis 8, = 0. Let an orthogonal 
coordinate (a = constant) through an arbitrary point 
( be POR, where R is the point of intersection with 
the bow shock wave determined by the method shown 
later, and its coordinates are (x, 

If these flow patterns of zero approximation can be 
assumed to be sufficiently close to the final flow pat- 
tern, the 8 component of velocity will be sufficiently 
small that Eq. Neglect- 
ing terms containing the velocity component g,; as com- 
pared with g,, the equations of continuity and vor- 


y;) or (a, 


(33) can approximately hold. 


ticity are approximately reduced to Eqs. (34) and (35), 
respectively. 

The latter is transformed into Eq. (36), and similar 
(39) gives the following formula 
(42), replacing boundary 


integration into Eq. 
in the same form as Eq. 
value } by state s on the shock line for the convenience 
of practical calculation. 


e' 


where m is grade of approximation. 
From the energy equation, Eq. (20) or (21), the den- 
sity of mass flow is given by 


Ply ay- 
ni (46 
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| 
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or, with partial integration, a 
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The stream function can then be calculated by inte- 
grating the equation of continuity, Eq. (34), as follows: 


8 


or, considering y, = 0, B, = 0, 


a3 
| (2 *) Ms dg 
(1 2) 0 l 


47) 
J, Poly ( (") 


where i,/3 = dn is substituted. The stream function 
will be expressed as a function of g, dp. 

Boundary conditions of continuity on the bow shock 
wave are given by integrating Eq. (47) into 8 = 3. 


og y\‘ n 
2)° Jo Poy l l 
= (4S) 
\1 
The boundary value of velocity, g, ad, immediately 
behind the shock wave will be determined by numerical 
calculation of Eq. (48). (See Fig. 4.) 

Thus, substituting the determined value of g, do into 
Eq. (47), distribution of the stream function along 
POR can be obtained. From the relation y versus 3 
or n shown in Fig. 5, values of 8 or m corresponding to 
stream functions can be corrected and, accordingly, 
the situation of intersection of the new streamline with 
the orthogonal curve concerned, a = constant, can be 
determined as shown schematically in Fig. 5. Getting 
these points on every orthogonal curve, corrected 
streamlines—namely, new coordinate curves—will be 
drawn graphically by connecting the corresponding 
points on adjacent orthogonals, as shown in Fig. 6(a). 

New orthogonal curves are drawn by connecting the 
small divided line perpendicularly across the corrected 
streamlines as shown in Fig. 6(b), and flow patterns, 
which will be used as coordinate axes in the succeeding 
calculation, are completed in this step of approxima- 
tion. 

An approximate value of parameter h, of corrected 
curvilinear coordinates will be given by replacing the 
derivatives in Eq. (15) by finite difference 


h, = 6s ba (49) 
and, accordingly, 
= 6s,/6s (50) 


where 6s is the are length of the streamlines divided by 
two adjacent orthogonal curves. 

The form of the bow shock wave and, consequently, 
the distribution of entropy, will be corrected according 
to the new streamlines as will be described in the next 
Section. 

The next stage of calculation will be performed by 
substituting these corrected values into Eq. (45) 
through Eq. (48) and repeating the same procedures. 
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Successive calculations are continued until a convergent 
solution is finally obtained. 


(c) Fulfillment of the Boundary Condition Along the Bow 

Shock Wave 

Quantities behind the bow shock wave are assumed 
to vary along the shock polar monotonically from the 
state of the vertical shock wave to Mach wave corre- 
sponding to the uniform flow, and, accordingly, the 
deflection angle 6 has a maximum value determined 
by the quantities of uniform flow. 

Since flow patterns must first be assumed in the 
present theory, the angle of flow direction #, cannot 
generally coincide with the deflection angle 6 immedi- 
ately behind the shock wave. It is convenient, there- 
fore, that the condition of the deflection angle, Eq. (27), 
is relaxed and not satisfied by 6, in the first steps. 

A parameter indicating the incompleteness of the 
shock condition is introduced by defining 


K 6, 6 = A, mar (51) 


or 
6 = = (0, mar) (51°) 


where @, x2; is the maximum angle of flow direction 
immediately behind the shock wave, which must be 
corrected in every step of approximation, as shown in 
Fig. 7, while angle 6 and 6,,,; are given as a fixed value 
from the exact condition through the oblique shock 
wave. (See Fig. 7.) If the solution of A = 1 is ob- 
tained, it will satisfy the shock condition completely. 
In the present method, the value of A is calculated for 
an arbitrarily chosen location N of the nose of the bow 
shock wave, and it is determined successively in the 
consequence of every step of approximation with a 
fixed location of point N. Starting from the chosen 
situation of point N, the form of the bow shock wave 
will be determined for the assumed or approximately 
drawn form of the streamlines as follows. The value 
of K is first assumed to be 1, and the line of the shock 
wave is extended by connecting the divided lines that 
intersect the uniform flow with the shock angle 
given by Eq. (27) for 6 = 6, A. Then, the value of A 
is calculated by dividing the greatest or maximum 
value of 6, by dnaz, and the form of the shock wave is 
redrawn through the same process using the new value 
of A. These procedures are repeated successively, 
and the convergent value of A is determined when the 
form of the shock wave does not alter. (See Fig. 8.) 
When the form of the bow shock wave with a definite 
value of the connection factor A is determined for a 
given form of flow patterns, solutions of further ap- 
proximation are calculated by using the shock condi- 
tion for 6(6 = 6, A, as shown in Fig. 9) which will give 
the distribution of entropy, and the streamlines are 
corrected by the method described in the previous sec- 
tion. Then, fixing the detachment distance ) of point 
N from the nose of the body, the form of the bow 
shock wave is redetermined with the new streamlines, 
adjusting the factor A by the processes mentioned 
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above. Calculations are repeated until the convergent 
solution is obtained for a fixed point N. 

If the calculations for various values of 6 are made 
by starting with the identical patterns of flow as the 
zero approximation, the connection factor A will be 
given as a continuous function of detachment distance 
bh. The correct situation of the nose of the bow shock 
wave corresponding to A = 1 will be determined from 
the relation of A versus } as obtained above (see Fig. 
13). Final solutions are obtained by solving the prob- 
lem for this value of 6 again through the same course 
of calculation as before. 


(d) Boundary Conditions Along the Sonic Line and 

Limiting Characteristics 

Since the form of the sonic line or limiting character- 
istics as a boundary condition cannot be given a priori 
in the physical plane, it will be convenient to start the 
approximation by assuming the form of flow patterns 
through these limiting lines, instead of assuming the 
form of these lines. If the flow patterns are assumed 
and other boundary conditions are considered, as pre- 
viously mentioned, velocity distributions can be deter- 
mined by integrating Eq. (45), as the principle, through- 
out the field concerned, and the form of the sonic line 
or limiting characteristics can be obtained. To give 
or assume the form of these Jimiting boundaries under 
the given flow patterns in the physical plane, therefore, 
seems to be an over-restriction with respect to the 
boundary condition. 

In the present calculation neither the form of the 
sonic line nor the limiting characteristics are assumed, 
but the boundary conditions along these lines are re- 
placed by equivalent conditions determined by assum- 
ing the flow patterns. The forms of these limiting lines 
will be obtained in the last step of every approximation, 
and their convergent forms will be determined by the 
final solution. 


ROTATIONAL FLOW AROUND A SEMICONVEX AIRFOIL 
WITH ATTACHED Bow SHOCK WAVE 


In order to know the effect of rotation on the ordinary 
supersonic flow with a curved shock wave and to inspect 
the validity of the characteristic relation in a broad 
sense—i.e., Eq. (41) or (45)—application is first made 
to the supersonic flow of Mach Number J/, = 2.13 
around a semiconvex airfoil of 8.8 per cent thickness 
with an angle of attack of a = 0°. 

The basic streamline is given in the form of folding 
lines by the theory of characteristics for irrotational 
flow, where reflections of the Mach wave from the bow 
shock wave are neglected for the sake of simplicity. 
In connecting the sides of polygonal lines at mid-point, 
fair curves of the streamline and their orthogonals are 
drawn, with a slight extrapolation in front of the 
shock. 

Approximate calculations previously mentioned are 
applied by fixing the starting point of the shock wave 
on the leading edge of the airfoil. Forms of the flow 
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pattern and the bow shock wave initially given and 
corrected by the first approximation are shown in Fig. 
10, where / is the chord length. Because the gradients 
of entropy in exponential form with respect to stream 
function do not exceed 4 per cent in this case, as shown 
in Fig. 11, correction terms for rotational flow—ie, 
the second term in the right-hand side of Eq. (45 
are at most 10 per cent of the main part—.e., the first 
term in the same side in the present example. More- 
over, the corrected streamlines hold almost parallel to 
the basic pattern, and, accordingly, the corrections in 
h, ha, will be as slight as less than 1 per cent; therefore, 
calculation seems to be practically convergent by one 
round approximation in such a small perturbation flow 
around thin bodies. 

Pressure distributions along the wing surface are 
presented in Fig. 12 in comparison to the results of 
experiments made by Ferri.* The result shows that 
the deviation of the observed pressure coefficient from 
the theory of irrotational flow may be interpreted as 
the effect of rotation caused by the curved bow shock 
wave. Since vorticity rotates clockwise in the upper 
half plane, velocities along the wing surface tend to be 
diminished more than those far from the body, as 
compared with the irrotational solution, and, hence, 
the pressure coefficient is increased. 


SUPERSONIC FLOW AROUND A CIRCULAR CYLINDER 
WITH DETACHED Bow SHOCK WAVE 


Illustrative computations will be made for the super- 
sonic flow (J, = 2) around a circular cylinder, which 
is the simplest sectional form among bodies with finite 
thickness and induces intense nonlinear disturbance to 
the field of flow. The flow patterns of irrotational 
flow around a circular cylinder of incompressible fluid 
extended to the infinity are chosen for starting the 
calculation. Comparing this with the last form of 
pattern, it will be found that the amount to be corrected 
is not so small that another pattern of flow—for ex- 
ample, that around a circular cylinder gushing out from 
a point source situated ahead of the cylinder would 
be more profitable. For this reason, five or six rounds 
of approximation have been necessary to get a con- 
vergent solution for a fixed location of the nose point 
of the shock wave. As the value of the nose location, 
bd = 0.3, 0.5, 0.6, and 0.55 have been chosen in order, 
and the relation of connection factor A versus }/d has 
been obtained as shown in Fig. 13, where at the first 
through the third approximation the effect of rotation 
expressed by the correction term in Eq. (45) has been 
omitted in order to simplify the process of calculation. 
Interpolation by putting K = 1 gives the correct value of 
distance of detachment as b d = 0.57. Variation of 
forms of streamlines and bow shock waves in every step 
of approximation is shown in Fig. 14 for the case of 
bd = 0.57 as an example. In the region near the 
sonic line, flux integration for the continuity in Eq. 
(48) sometimes cannot reach the boundary values 
pigiy: by wav of approximation, and, in such a case, 
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sight extrapolation of streamlines holding the curva- 
ture of upstream flow has been applied. Since the loca- 
tion of the shock wave is determined by the maximum 
flow angle, 9. mar-which gives the connection factor 
K by @ mar Snar—and not by the condition in the sonic 
point, it will not be affected directly by the super- 
scripted obstacle. These inconveniences can be re- 
moved by choosing a more appropriate form of stream- 
lines. 

Distributions of entropy in exponential form and its 
derivatives with respect to the stream function are 
shown in Fig. 15. The magnitude of the correction 
term for rotation (C) reaches more than 40 per cent of 
the main term (P) in Eq. (45) as shown in Fig. 16. 

A practically converged form of flow pattern is shown 
in Fig. 17 together with the sonic line and the limiting 
characteristics. In comparison with the observed 
form of the bow shock wave, which is marked by small 
circles and triangles, the present computation seems to 
give a fairly satisfactory configuration, excluding the 
area near the sonic region. The behavior of the sonic 
line will be the most remarkable one among these 
curves. The angle of intersection with the streamline, 
which is denoted by a, in Fig. 17, is 71° (+3°) immedi- 
ately behind the shock wave and is less than a right 
angle, while perpendicular intersection takes place in 
the interior of the field. The magnitude of the angle 
has recently been obtained by Hashimoto,” who solved 
the local solution behind the shock wave in rigorous 
iorm. It has been found that the value of o, = m 2 is 
given when JJ/, = 1 and JJ, = 1.690 (y = 1.4) and o, > 
t 2 between 1/,; = 1 ~ 1.690, while o, < 7 2 when JV, 
> 1.690. The exact value for 1/, = 2 is given by o, = 
73°34’, and the present calculation shows fairly good 
agreement. Kim* has also supported this figure in his 
recent experiments. 

Examination of the fulfillment of the boundary 
condition along the bow shock wave is made by com- 
paring the boundary value of velocity, g, a) which is 
determined from the calculation of flow field- with the 
velocity immediately behind the shock wave, g2 dy 
which is given from the shock angle and Mach Number 
of uniform flow by the shock conditions— and its result 
is shown in Fig. 18. 

The Equi-Mach line, isoclinic line, and isopicnic line 
are presented in Figs. 19 and 20. Streamlines in the 
hodograph plane are also obtained as shown in Fig. 21. 
Pressure distributions along the surface of the circular 
cvlinder are given in Fig. 22, comparing them with the 
observations. 

The accuracy of the results will be fairly good in the 
field upstream of the region of maximum deflection, 
while it will not be good near the sonic region. 


EXPERIMENTS ON THE SUPERSONIC FLOW AROUND A 
CIRCULAR CYLINDER 

For the experimental investigations on the super- 

sone flow around a circular cylinder, pressure distribu- 

tions along the surface of the cylinder were studied by 
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Fic. 20. Isopicnie line 

Eula,*! Gowen and Perkins,** and Kim,* while the 
location of the detached shock wave was measured by 
Alperin®? and Kim.* The present authors have also 
made several experiments on this problem to compare 
with the previous theory. 


(a) Wind Tunnel with a Multinozzle Grid 


Observation was made on supersonic flow produced 
by the multinozzle grid** which was devised first in 
Germany. It was fitted in the 20- by 12-cm. high-speed 
suction wind tunnel at the Institute of Science and 
Technology of the University of Tokyo, the plan of 
Passing through individual 


which is shown in Fig. 23. 
nozzles, the flow reaches supersonic velocity in the 
downstream portion of the grid. The shock wave of 
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Fic. 21. Flow pattern in the hodograph plane. 
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narrow band produced at points S on the nozzle outlet 
[Fig. 23(b)] is so weakened by the expansion wave 
from points E that wavelets can be regarded as Mach 
waves in practice. This is shown by the fact that 
noticeable refraction by interference is not observed 
in schlieren photographs. Since the wake of region E 
will not be completely decayed, this form of multi- 
nozzle grid will not be suitable for the precise experi- 
ment of critical phenomena. The mean value of ve- 
locity distributions taken in the horizontal direction 
in the test section measured by the angle of Mach wave 
is shown in Fig. 24. 


(b) Model 


A circular cylinder of 10.02-mm. diameter made of 
brass was used. ‘Along the surface ten holes were pre- 
pared for the measurement of pressure distributions. 
(See Fig. 25.) 


(c) Test on the End Effects 


In order to study the best end condition to realize 
two-dimensional flow, observations of the front of the 
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bow shock wave were first made by setting the cylinder 
vertically at varying distance e from the wall. Schlieren 
photographs are presented in Fig. 26. When e/d < 
0.5, compression effects by the existence of the cylinder 
recede within the boundary layer in the direction oj 
upstream and a three-dimensional oblique shock waye 
is produced upstream, which interacts with the boy 
shock wave and slightly increases its detachment djs. 
When ed > 0.7, on the other 
hand, expansion of the flow around the end of the 


tance near the end. 


cylinder causes the depression and decreases the de. 
tachinent distance. It is found that e/d = 0.5 ~ (07 
will give a good configuration as the two-dimensional 
flow. 

The measured value of the location of the shock waye 
iS 

b/d = O57 

and is shown in Fig. 2S compared with other obserya- 
tions. 


(d) Results of Experiment and Comparison with the 

Theory and Other Experiments 

A schlieren photograph in the present experiment is 
shown in Fig. 27, the form of the bow shock wave being 
compared with the previous calculation in Fig. 17. 
The form of the sonic line could not be determined 
with sufficient accuracy; however, the sonic point on 
the bow shock wave is obtained for a more distant 
location than can be obtained with the theory. 

The value of the pressure coefficient along the sur- 
face of the cylinder is obtained between those given by 
Eula*'! and Gowen and Perkins.** Despite the dis- 
agreement of the sonic point on the shock wave, the 
pressure distribution obtained by the present analysis 
is in fairly good agreement with the observations given 
in Fig. 22. 

ASYMPTOTIC SOLUTION OF THE HYPERSONIC FLOW 
OF NONVISCOUS AND NONHEAT-CONDUCTIVE 
FLuip ALONG A FLAT PLATE 


If the asymptotic solution along a flat plate is as- 
sumed to be given by the uniform parallel flow, its 
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solution will be obtained by integrating the super- 
scripted characteristic relation in a broad sense. 

Since the flow pattern is constructed by a grid of 
parallel straight lines, /, is a constant along its orthog- 
onal straight lines as shown in Fig. 29, and integra- 


tion of Eq. (41) gives 
cp) 
l ay 


e = 
(52) 


The shock wave will be so weakened far from the lead- 
ing edge in this case that it can be regarded as a Mach 
wave, and the flow can be directly connected with that 
of uniform upstream. If the range of integration reaches 
this boundary, invariant expression of it is given by 


— e = 
1 Qo 


Substituting the entropy distribution 


S-—S l 2 
Cp y= 


2 l 
In [ ¢ ) (54) 
y¥+1 sin? 


into Eq. (53), the velocity distribution is given by 


1+ [(y — 


2/(¥ 1) 41 + 
1+ [(y 


2y 


where w is given by the angle of tangent on the bow 


2/(y — 1) 


1+ [(y 1) 
(53) 


sin? a, — | + 


shock wave as 

w, = f(p) (56) 
The situation of the corresponding streamline is ob- 
tained by the equation of continuity, Eq. (34), as 
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follows: 
dn = hgdb = dy pq 
or 
n d(W poo!) 
d = (57 
l (p po) (q ay) 


Substituting Eq. (46), integration of Eq. (57) gives 


» 

= fh (17,2? sin? w, — | 
l 


d( y pydyl) 


9-1/(7¥-1 
a dy | ay 


If the form of the bow shock wave is known, « is 
given as a function of y, and, accordingly, the velocities 
at the points arbitrarily distant from the flat plate will 
be obtained by Eqs. (55) and (58). 

If the further assumptions that such an asymptotic 
solution can be realized with a known geometric form 
of the bow shock wave—say by a hyperbola, as shown 
in Fig. 29——by adjusting the sectional form of flat plate 
in the frontal part, the final form of the solution can 
be determined. 

Calculating a few examples, distributions of Mach 
Number, flowing temperature, and the ratio of impact 
pressure fo; to the total pressure in the uniform up- 
stream po, are shown in Figs. 30, 31, and 32, respec- 
tively. It will be found that the remarkable deviation 
of these quantities from those of uniform upstream 
takes place mainly within the region n / = 1. 


1/(y—-1 
x 
v¥/y—1 


CONCLUSIONS 


Referring to the streamline coordinates, the vorticity 
equation in isoenergetic rotational flow is shown 
to be exactly integrated into Eq. (41) or (42), which 
gives a relation among velocity, flow pattern, and dis- 
tribution of entropy across streamlines. It will be 
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valid as a formula for giving corrections of effects 
used by rotation as shown in the example of seni- 
convex airfoils. The formula has also applied to the 
rotational flow with strong nonlinearity, which is given 
py the supersonic flow around a circular cylinder. The 
principle will be reasonable; however, higher accuracy 
cannot be expected in the practice of calculation, es- 
pecially in the region adjacent to the sonic line. Com- 
pared with the observations, the sonic region seems 
to extend further from the cylinder. Flow patterns 
in the physical, as well as the hodograph, plane are, 
however, presented for the sake of references. 


REFERENCES 


1 Crocco, L., Eine neue Stromfunktion fiir die Erforschung der 
Bewegung der Gase mit Rotation, Zeitsch. Angew. Math. Mech., 
Vol. 17, No. 1, pp. 1 7, February, 1937. 

?Lin, C. C., and Rubinov, S. I., On the Flow Behind Curved 
Shocks, J. Math. Phys., Vol. 27, No. 2, pp. 105-129, July, 1948. 

'Dugundji, J., An Investigation of the Detached Shock in 
Front of a Body of Revolution, Journal of the Aeronautical Sci- 
ences, Vol. 15, No. 12, pp. 699-705, December, 1948. 

‘Thomas, T. Y., The Distribution of Singular Shock Direc- 
tions, J. Math. Phys., Vol. 28, No. 3, pp. 153-172, October, 1949 

§Lin, C. C., and Shen, S. F., An Analytic Determination of 
the Flow Behind a Symmetrical Curved Shock in a Uniform Stream, 
NACA TN 2506, October, 1951. 

§ Melkus, H., Uber den abgelésten Verdichtungsstoss, Ingenieur- 
Archiv, Vol. 19, No. 3, pp. 208-227, 1951. 

7Cabannes, H., Theoretical determination of the fluid flow be- 
hind a detached shock wave (in French), ONERA Note tech. 5, 
27 pp., 1951; AMR, Vol. 5, Rev. 781, March, 1952. 

*‘Busemann, A., A Review of Analytical Methods for the 
Treatment of Flows with Detached Shocks, NACA TN 1858, April, 
1949 

*Moeckel, W. E., Approximate Method for Predicting Form 
and Location of Detached Shock Waves Ahead of Plane or Axially 
Symmetric Bodies, NACA TN 1921, July, 1949. 

"Vincenti, W. G., and Wagoner, C. B., Transonic Flow past a 
Wedge Profile with Detached Bow Wave—General Analytical 
Method and Final Calculated Results, NACA TN 2339, April, 
1951; —Details of Analysis, NACA TN 2588, December, 1951. 

" Goldstein, S., and Lighthill, M. J., 4 Note on the Hodograph 
Transformation for the Two-dimensional Vortex Flow of an Incom- 
pressible Fluid, Quart. J. Mech. Appl. Math., Vol. 3, Pt. 3, pp. 
297-302, 1950 

Pai, S. 1., On the Vorticity of the Flow Behind Curved Shock, 
Readers’ Forum, Journal of the Aeronautical Sciences, Vol. 17, 
No.3, p. 188, March, 1950. 

“Emmons, H. W., The Theoretical Flow of a Frictionless, 
Adiabatic, Perfect Gas Inside of a Two-dimensional Hyperbolic 
Vozsle, NACA TN 1003, 1946. 

“Maccoll, J. W., and Codd, J., Theoretical Investigations of the 
Flow around Various Bodies in the Sonic Region of Velocities, 
Theor. Res. Rep., No. 17/45, Arm. Res. Dept., British MOS, 
September, 1945. 

Mitchell, A. R., Application of Relaxation to the Rotational 
Field of Flow behind a Bow Shock Wave, Quart. J. Mech. Appl. 
Math., Vol. 4, Pt. 3, pp. 3871-3883, September, 1951 


1% Mitchell, A. R., The Rotational Field behind a Bow Shock 
Wave in Axially Symmetric Flow using Relaxation Methods, 
Proc. Roy. Soc. Edinburgh (A), Vol. 68, Pt. 4, No. 27, pp. 371 
380, 1952. 

% Laitone, E. V., Location of Detached Shock Wave in Front of a 
Body Moving at Supersonic Speeds, NACA RM A7B10, May, 
1947. 

‘8 Tamada, K., On Detached Shock Wave of Circular Cylinder 
and Sphere Moving with Supersonic Velocities, Tomotika Lab., 
Tech. Memo., No. 25, Faculty of Physics, Univ. of Kyoto, 
September, 1950 (in Japanese). 

'9 Kawamura, T., 4 Note on the Detached Shock Wave in Front 
of a Body, J. Japan Soc. Appl. Mech., Vol. 5, No. 30/31, pp 
162-165, December, 1952, January, 1953 

*0 Hida, K., 4n Approximate Study on the Detached Shock Wave 
in Front of a Circular Cylinder and a Sphere, J. Phys. Soc. Japan, 
Vol. 8, No. 6, pp. 740-745, November- December, 1953. 

21 Uchida, S., A New Approximate Solution in Boundary Value 
Problems by the Use of Orthogonal Curvilinear Coordinates, Rep 
Inst. Sci. Tech., Univ. of Tokyo, Vol. 1, Nos. 7-8, pp. 101-105, 
July-August, 1947 (in Japanese); J. Phys. Soc. Japan, Vol. 3, 
No. 1, pp. 33-40, January-February, 1948 

*2 Uchida, S., Calculation of Compressible Cascade Flow by the 
Method of Flux Analysis, Journal of the Aeronautical Sciences, 
Vol. 21, No. 4, pp. 287-250, April, 1954. 

*3 Meyer, R. E., The Method of Characteristics for Problems 
of Compressible Flow Involving Two Independent Variables. Part 
I, The General Theory, Quart. J. Mech. Appl. Math., Vol. 1, pp. 
196-219, 1948. 

*4 Fox, L., and Southwell, R. V., On the Flow of Gas through a 
Nozsle with Velocities Exceeding the Steed of Sound, Proc. Roy 
Soc. London (A), Vol. 183, No. A 992, pp. 38 54, August, 1944 

* Green, J. R., and Southwell, R. V., Relaxation Methods A p- 
plied to Engineering Problems, IX, High-speed Flow of Com- 
pressible Fluid through a Two-dimensional Nozzle, Phil. Trans 
Roy. Soc. London, Ser. A, Vol. 239, pp. 367-386, 1944; Math 
Rev., Vol. 5, No. 9, p. 247, October, 1944. 

*° Vazsonyi, A., On Rotational Gas Flow, Quart. Appl. Math., 
Vol. 3, No. 1, pp. 29-37, April, 1945 

* Ferri, A., Elements of Aerodynamics of Supersonic Flows, The 
Maemillan Co., New York, 1949 

* Ferri, A., Alcuni risultati sperimentali riguardanti  profili 
alari provati alla galleria ultrasonora di Guidonia, Atti di Guidonia 
No. 17, pp. 337-880, September, 1942. 

** Hashimoto, J., Characteristics of Flow near the Point of 
Intersection of Shock Wave and Sonic Line, Preprint, Sectional 
Meeting of Appl. Math. Mech., Phys. Soc. Japan, p. 47, May, 
1955 (to be published 

* Kim, C. S., Experimental Studies of Supersonic Flow past 
a Circular Cylinder, J. Phys. Soc. Japan, Vol. 11, No. 4, pp 
489-445, April, 1956. 

3! Eula, A., L'influensa del numero di Reynolds ai grandi nu- 
meri di Mach, Aerotecnica, Vol. 20, No. 1, pp. 20-29, January, 
1940. 

82 Alperin, M., Experimental Information on Two-dimensional 
Detached Shock Waves, Jet Prop. Lab., Calif. Inst. Tech., 
Progress Rep. No. 4-44, pp. 1-26, May, 1950 

88 Gowen, F. E., and Perkins, E. W., Drag of Circular Cylinders 


fora Wide Range of Reynolds Numbers and Mach Numbers, NACA 


TN 2960, June, 1953 
33 Pankhurst, R. C., and Holder, D. W., Wind-Tunnel Tech 
nique, p. 110; Sir Isaac Pitman and Sons, Ltd., London, 1952 


r 


On Equations of Motion for a Compressible 
Viscous Gas 


V. LAITONE* 


V’nwersity of California at Berkeley 


SUMMARY 


It is first pointed out that, if Stokes relation is not used, the 
Navier-Stokes equations are better adapted for compressible 
viscous flow calculations than are the higher order kinetic theory 
approximations. The theoretical reasons underlying the intro- 
duction of the bulk viscosity into the Navier-Stokes equations 
are briefly discussed. 

It is then shown that the higher order kinetic theory approxi- 
mations attempting to improve the Navier-Stokes equations have 
not included all of the terms of the proper order because of the 
assumed form for the expansion of the distribution function 
It is pointed out that the main term that can be legitimately 
added to the Navier-Stokes equations is the effect of thermal 
transpiration as first derived by Maxwell. 

It is demonstrated that the first-order dynamic equations of 
continuum mechanics are relatively insensitive to the assumed 
physical model or molecular structure, since they only can affect 
an arbitrary constant. 

Some comments and experimental observations on the effect 
of rigid body rotation are also included. 


INTRODUCTION OF THE BULK VISCOSITY 


— THE FACT is not yet well known, it has 
been established that the usual form of the 
Navier-Stokes equations (see Lamb,' p. 577) for com- 
pressible flow are at best restricted to monatomic gases 
because of the use of Stokes® relation (see Lamb,! p. 
574) between the shear viscosity uw and the dilatational 
viscosity \ (also called the volume, or compression, 
or second viscosity ) 


2u + 3A = 0 (1) 


Tisza* was one of the first in this country to point out 
the severe restrictions implied in the use of Eq. (1) for 
other than monatomic fluids. Additional conclusive 
arguments and an extensive list of references are pre- 
sented by Truesdell’ and Rosenhead.° 

Truesdell’ showed that Stokes relation is valid only 
for a monatomic gas under the special conditions 
wherein it satisfies Maxwell's definitions of stress and 
temperature —that is, the pressure is a function of state 
alone and equal to the mean pressure, the stresses arise 
through transport of linear momentum by molecular 
diffusion, the temperature effect is directly related to 
the mean kinetic energy of translation only, and all 
properties are connected by the mean values of the 
molecules velocities relative to the mean motion of the 
gas. For this to be true it follows that Stokes relation 
is valid only for a monatomic gas that is sufficiently 
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rare so that all triple or higher order collisions can }y 
neglected, and yet not too rare so that the variation oj 
any macroscopic quantities over a mean free path may 
also be neglected. 

The proper forms of the Navier-Stokes equations 
for a polyatomic compressible fluid follow directly from 
Lamb! (pp. 574 and 576) if the dilatation viscosity js 
retained as an independent constant, as originally 
stated by Poisson (see reference 4, p. 22S), so that one 


obtains 
Prr = —P + + + + w-) (2 
Por = My) = Pu (3 
= wu: + W,) = (4 


If the three 
normal stresses are averaged, one obtains the mean 


and similarly for the other components. 


pressure 
—p= Pa ¥ —p + K(u, + + w,) 6 
where 
K = p(p — Pp) te 
3 (p: + Up, + vp, + 


is the bulk viscosity (originally called the ‘second 


viscosity’’ by Lamb,' p. 645). The bulk viscosity is 
seen to be a direct indication of the departure from 
Stokes relation and of the deviation of the mean pres- 
sure p from the equation of state represented by the 
thermodynamic pressure p in an isotropic Newtonian 
fluid (see Lamb,!' pp. 573 and 645, and Truesdell’ "). 
It is obvious that for compressible flow only Eq. (1) 
Stokes relation makes the mean pressure / the same 
as the thermodynamic pressure p. Otherwise, the 
pressure is not an equation of state alone, but also de- 
pends upon the local dilatation. Then if we do not 
assume Stokes relation and retain \ as a separate con- 
stant as Poisson insisted, we obtain, in place of the 
present-day Navier-Stokes equations (following Lamb, 
p. 576), for the « component of the motion in the 
absence of any body forces 
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for one-dimensional flow, 


or, 


+ Mur) = —Pr + + + 
On) (2u + A) (8) 


Consequently, for a monatomic gas that is not too 
dense, the use of the Stokes relation yields 


= A= —(2/3)p, (A+ pw) = (1/3)u (9) 


reducing Eq. (7) to the usual form of the Navier-Stokes 
equations as given on page 977 of Lamb! when yw and 
\are constant. However, Eq. (5) shows that Eq. (9) 
corresponds to the unwarranted assumption that the 
thermodynamic pressure is equal to the mean pressure. 
Truesdell’ © points out that even the p represented in 
Eg. (5) may not be the thermodynamic pressure 
that is, P is not necessarily an equation of state, as 
must be the density, for example, and its actual rela- 
tionship must still be proved for specific applications 
see also Lamb,' pp. 573 and 645). 

Kinetic theory considerations show (see reference 5, 
p. 9) that a monatomie fluid with no bulk viscosity but 
with a so-called relaxation property has, in most acous- 
tic applications if the frequency is not too high, a re- 
sponse identical to that of a fluid with a finite bulk 
viscosity. In addition, Enskog (see reference 10, pp. 
I86, 397) has shown that a dense monatomic gas tends 
to have a finite bulk viscosity. Because of these con- 
siderations, Eq. (9) is generally replaced by 


A+ nu) = [1 A] 2 (10) 


However, this is not a rigorously valid assumption for 
relaxation effects, and it should be noted that this em- 
pirically defined bulk viscosity may not necessarily 
agree with that given in Eq. (6), since A corresponds to 
a shear effect due to molecular transport (or perhaps 
only a transfer to rotational energy) in the direction 
of the moving boundary, whereas uw represents the 
better understood molecular transport normal to the 
mass transport. These two effects could conceivably 
have entirely different relaxation effects (see reference 
), pp. 41-42), a question which present day kinetic 
theory cannot answer, as pointed out by Truesdell,* ° 
since to date no exact solution is available for a dia- 
tomic gas. On the other hand, the continuum deriva- 
tion of the Navier-Stokes equations, in the form of 
Eq. (7), indicates that the bulk viscosity is a first-order 
continuum property of a diatomic gas, and may not 
necessarily have a relationship to a relaxation process. 
In addition, Eq. (7) shows that for two- or three- 
dimensional flow wu and X enter in various other com- 
binations than that given by Eq. (10). It is only in 
the one-dimensional case of Eq. (8) that a single group- 
ing exists namely, 


(4 +A) = [434+ A] = G (11) 


Although an “ersatz bulk viscosity’’ may be introduced 
for evaluating specific one-dimensional experimental 
relaxation results, as for the case of high frequency 
acoustic absorption in reference 5, still there is no 
assurance that the coefficient so determined is appli- 


cable to the steady-state one-dimensional hydrodynamic 
problem, let alone the two- or three-dimensional case. 

The verification of Eq. (S) has been obtained* * ° 
by its application to the measured values of acoustic 
absorption and attenuation for plane sound waves in 
polyatomic gases. Most of the experimental results 
for diatomic gases correlate with the application of Eq. 
(S) when A = 0, a plausible value meaning pure dilata- 
tion produces no shear. 

The corresponding measurements in liquids indicated 
that \ > uw. However, as recently proved by Taylor 
(see reference 5, pp. 34-39), the extremely large values 
of the measured dilatation viscosity in a liquid can be 
due to the presence of a very minute fraction of sus 
pended gas bubbles. 

Gilbarg and Paolucei’ applied Eq. (S) to the caleu- 
lation of normal shock-wave thickness and showed 
that it gave very reasonable shock-wave thicknesses if 
measured values of the viscosity were allowed to vary 
with temperature through a power law corresponding 
to experimental data. Calculations in this manner 
with A = 0 predicted the correct magnitude of the 
shock-wave thickness for air. 

The experimental measurements of the actual plane 
shock profile by Sherman® have also confirmed Eq. (S), 
at least for Mach Numbers less than 2, by successfully 
predicting the temperature gradient measured with a 
wire probe traverse of a plane shock wave at low 
densities. On the other hand, Sherman's experimental 
data refute the various higher order kinetic theory 
approximations. 

The latter finding is not surprising in view of the 
criticisms of kinetic theory that will be discussed later. 
It also agrees with similar comparisons with the experi- 
mental measurements of Greenspan’ on the effect of 
viscosity on the attenuation and velocity of plane sound 
waves in helium. Better correlation can be obtained 
through Eq. (S) than by introducing higher order solu- 
tions of the Boltzmann equations, even for a monatomic 


gas. 


INTRODUCTION OF HIGHER ORDER TERMS FROM KINETIC 
THEORY 


The third approximation of the kinetic theory de- 
velopment, as carried out by Burnett!! in 1935 was 
hoped to provide some understanding of the effect of 
nonlinear terms upon the equations of motion. (See 
also reference 10, p. 260, noting that the so-called 
second-order equations of motion provide the next step 
after the Navier-Stokes linear viscosity terms, and for 
a rigorous solution require the complete third approxi- 
mation to the velocity-distribution funetion /.) How- 
ever, as just pointed out, a comparison of the second- 
order kinetic theory development with experimental 
data showed a discouraging lack of agreement. 

It will now be shown that the failure of Burnett's" 
higher order kinetic theory development lies in the fact 
that his series expansion is incomplete because of the 
assumed form for the expansion of the distribution 
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function. Grad’s solution'? overcomes this objection 
but still fails to provide all the necessary second-order 
terms because the only terms evaluated by the use of 
Grad's improved method have been obtained from his 
‘13-moment’’ approximation which again assumes a 
restricted form for the expansion of the distribution 
function /. 

The form of the second approximation to the velocity 
distribution function / used in the Maxwell-Boltzmann 
integral equation by Burnett'' had to be expressed as 


1 + + VT, + WT.) + 


C 


G + + WE (12) 


d;' = (1/2) [(Ou‘/dx)) + (Ow (13) 


where 


are the rates of shear deformation— that ts, 


and the peculiar speed (see reference 10, pp. 26 and 49) 
C= (U? + V* + 


is the molecular velocity relative to the mean velocity 
of the gas (u* + v? + w*)'/? so that the first-order or 
Maxwellian velocity distribution function is 


R 2 mC 
_ 2 
(2. exp ( (14) 


The functions /, and F, are expressed by means of 
polynomials (of the argument C* 7) whose numerical 
coefficients depend upon the law expressing the forces 
acting between two molecules. 

This procedure is certainly valid for the second ap- 
proximation, which leads to the usual Navier-Stokes 
equations, but to this order the form of the equations 
of motion are found to be entirely independent of the 
molecular forces that only affect the value of u. How- 
ever, Burnett used the same form for the third approxi- 
mation of f by assuming that Eq. (12) could be general- 
ized by replacing F; and F, by Sonine polynomials and 
assuming that the terms in the brackets could be con- 
tinued as higher order spherical harmonic functions of 
(U, V, W) since the two brackets in Eq. (12) already 
correspond to spherical harmonics of degree one and 
two, respectively. It has not been shown that this ex- 
pansion can prevent the loss of some higher order 
terms—-even though it gives the correct answer for the 
second approximation for /——since the complete ex- 
pression for the third approximation has never been 
obtained, let alone proved correct. There exists a 
forced symmetry about the principal axes for all 
squared and higher order velocity products, because 


of the symmetry of the spherical harmonics* and the 
method of evaluating the coefficients (see p. 386 of 
reference 11). This could cause the disappearance oj 
some higher order terms even though the terms found 
may be correct. For example, Burnett determined 
the correct coefficient for d,‘ d;*, but most of the product 
terms predicted by Brillouin’ and Truesdell" did not 
even occur. To illustrate, if we write for the rigid 
body rotation (the antisymmetric or vector part of the 
total displacement tensor) 


2\or; On; (15) 


so that 


then such terms as «,' w,*, d,' w,", etc. do form sym- 
metric tensors invariant to rotation, even though w», 
itself does not possess this property, but could not occur 
in Burnett's expansion since the antisymmetric group- 
ing expressed by Eq. (15) is not present. For example, 
out of the following three groups possible for two- 
dimensional flow 


4(d,7)? = (v,? + 2v,u, + u,?) 
4(w,")? 


a 
t 


— Qu tty + 

= — u,”) 
Burnett's method of expansion could cnly obtain the 
correct coefficient for the first possibility, or, as Trues- 
dell points out (see reference 15, pp. 143-144), a re- 
stricted and artificial combination containing the last 
two. 

Brillouin was the first to indicate (see reference 1, 
p. 450), that the complete expansion for f was assuredly 
obtained by multiplying a// of the first derivatives of 
(u, v, w, f) by coefficients that are arbitrary functions 
of (U, V, W). Since the Maxwell-Boltzmann integral 
equation also contains the first derivatives as well as 
the integral of the product of /, it is evident that the 
higher approximations for f could contain all tne possible 
combinations of the second derivatives and products 
of the first derivatives. This procedure would lead to 
a large number of terms, but as Brillouin" pointed 
out, only the few may be retained which are invariant 
i.e., independent of choice or rotation of axes. 

By extending Brillouin’s method, but without using 
kinetic theory considerations, Truesdell" obtained a 
relation for the stress tensor in terms of all the possible 
symmetrical tensors derivable from the strain rate and 
the pressure and temperature gradients (see reference 
15, p. 137, or reference 4, p. 249). Truesdell indicated 
that not only were product terms containing the rigid 
body rotation possible, but also further terms con- 

* Instead of having an arbitrary coefficient for each individual 
velocity product as proposed by Maxwell,'® certain groupings 
such as (U? — V?), V(3U? — V2), — 3V2), ete., occur, 
sulting in only one arbitrary coeflicient for two velocity products. 
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taining products of the pressure gradient and deriva- 
tives of the external force field—altogether thirteen 
more terms than evaluated by Burnett (or only four 
more terms if it is further assumed that yu, A, & are 
functions of the temperature only). 

It will be shown later that the coefficients of the 
additional terms discovered by Brillouin and Truesdell 
are not necessarily all zero, at least for nonsymmetric 
molecules. Consequently, the Burnett expansion may 
not be complete. 

The possibility of not obtaining all of the higher order 
terms because of the form assumed for the expansion 
for f does not occur in the exact expansion method 
developed by Grad,'* at least for the special case of 
Maxwellian molecules. This new method is more in 
keeping with the original development introduced by 
Maxwell,'* wherein all possible combinations of (U’, 
|’, W) were arranged in ascending powers, each ensuing 
term being multiplied by an arbitrary function of (/, 
T, u, v, w) or their derivatives (see reference 15, pp. 
693-702). Maxwell had determined the relations to 
be satisfied by the arbitrary functions by substitution 
into the transport equations, keeping only the pre- 
dominant terms until he finally had derived the thermal 
transpiration effect by a procedure that is only valid 
for the Maxwellian molecule. 

Grad'* improved and extended the possibilities for a 
converging series solution of the Maxwell-Boltzmann 
integral equation by noticing that the \-dimensional 
Hermite polynomials, having the velocity vector as 
their argument, would produce the appropriate sepa- 
rate products of the velocity components giving a general 
solution for f. The orthogonality property of these 
polynomials then allowed a representation of f as a 
convergent infinite series of Hermite functions, each 
multiplied by a coefficient which was an arbitrary 
function of (x, y, 2, /) amenable to evaluation by means 
of an integration corresponding to the orthogonality 
relationship. This evaluation resulted in the coeffi- 
cients being represented as moments which consisted 
of the integral of f multiplied by the corresponding 
velocity products—that is, as in Maxwell's equations 
of transfer the velocity squared terms corresponded to 
the pressure tensor and were called the second moment, 
while certain ones of the velocity cubed terms produced 
the heat flux vector as the contraction of the third 
moment, ete. At least twenty such moments are re- 
quired for the evaluation of f to the first three terms 
of the Hermite expansion. The system of partial dif- 
ferential equations satisfied by these coefficients 
expressed in terms of the moments as pressure tensor, 
heat flux vector, ete., rather than the velocity or tem- 
perature derivatives themselves—was found by then 
substituting this series expansion for f into the Maxwell- 
Boltzmann integral equation. 

Because of the labor involved in even approximately 
solving the resulting infinite set of terms, Grad did all 
the calculations on the basis of his ‘‘13-moment”’ ap- 
proximation (see reference 12, pp. 362-367, or reference 
10, pp. 409-411). However, this simplified approxi- 


mate solution of Grad’s exact third-order expansion 
suffers from the same defect as Burnett's solution 
namely, a restricted form for the distribution function 
which would prevent the evaluation of all the Brillouin- 
Truesdell terms. This may be seen by comparing 
equation 5.6 with equation 4.10 of reference 12 (pp. 
363 and 356).* The contracted Hermite polynomial 
used in the ‘13-moment’’ approximation again corre- 
sponds to the lack of an arbitrary coefficient for each 
velocity product, leading to a forced symmetry as al- 
ready discussed in the Burnett case. 

As a result, only the hitherto unsolved exact method 
of Grad,'* or his limiting relation for slowly varying 
flow (equation 5.39, p. 374 of reference 12), may be 
considered to provide an improvement over the Navier- 
Stokes relations as expressed in Eq. (7). It is interest- 
ing to note that the additional terms contained in the 
limiting relation of Grad correspond almost identically 
to the “thermal transpiration”’ terms first derived by 
Maxwell,'* the only difference being in the correction of 
a slight numerical error by Maxwell, and the retention 
of a separate coefficient of thermal conductivity (&). 

The addition of Maxwell’s'* thermal transpiration 
effect to Eqs. (2), (3), and (4) would result in 


Pax = — p + + + + — 
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15 PL Ov 
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ov Oz 
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Pa = Pa = u(u; + Wz) — 
K; kT. (kT; 


The last term in each equation is the thermal transpi- 
ration effect as correctly rederived by Burnett (refer- 
ence 11, p. 453) where the coefficient A; depends upon 
the molecular model assumed and becomes unity for 
the particular case of monatomic Maxwellian molecules. 
In the latter case, the transpiration term presented in 
Eq. (16) is in agreement with Grad" (p. 374), who also 
presents the correct form of the corresponding energy 
equation. It will be shown that these are probably the 
only rigorously valid equations available at present for 
the analysis of higher order effects as occurring in shock 
waves and in acoustic absorption at moderately high 
frequencies. Eq. (16) should provide a much better 
analysis of the structure of a shock wave since its form 
is such as to eliminate the anomalous predictions found 
by Sherman* when using Eq. (8) for Mach Number 
greater than 2. In addition, Eq. (16) should provide 
better solutions than those obtained using the addi- 

* That is, the terms given by (UVW), (UV? — U), (UW? — 
Ul), (l% — 3U), ete., in the general Grad solution are contracted 
to (lL? + V2? + W? — 5)U = U(C? — 5) in the “13-moment"’ 


approximation. 
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tional Burnett'! terms, the ‘13-moment’’ method of 
Grad,'? or the “‘cross-viscosity’’ term of Reiner as 
introduced by Gilbarg and Paolucci.’ 

The thermal transpiration term has a non-negligible 
effect since the heat conductivity coefficient k (in dy- 
namic units) has a much greater order of magnitude 
than the viscosity coefficient 4; consequently, it should 
provide the predominant effect of the second derivative 
terms. If we follow Maxwell,'* we should neglect 
products like k,7’, and, therefore, place k outside the 
brackets in Eq. (16). This would also make Eq. (16) 
agree with the form proposed by Brillouin’ and Trues- 
dell,” and finally agree with that given in Chapman 
and Cowling!’ for a monatomic gas since 


9 
K; = 1, K = 0, N= 
15 R 15 p 
k= = - 
4 m* 4 a (17) 


The thermal transpiration term provides the major 
correction to the Navier-Stokes equations since all of 
the remaining terms of the Burnett!! or Grad" ex- 
pansions are much smaller in magnitude, and even 
more important, as already indicated, all of the second- 
order terms actually have not yet been determined so 
it is impossible to evaluate the overall effect of all the 
remaining terms. 

An inspection of the terms derived by Burnett 
(reference 11, p. 433, or reference 10, p. 265) shows 
immediately that the thermal transpiration effect is 
the major contribution for the usual aerodynamic 
problems since for steady adiabatic flow generally 


pl pl” p 


because (independent of the degree of rarefaction) 


degrees 
0 = - <6 X 10-* (18) 
(*) (ft. /sec.)? 


This not only indicates that Maxwell's thermal tran- 
spiration is the predominant effect, but that the products 
of temperature or pressure gradient terms cannot be 
neglected in comparison with the product terms of the 
velocity gradient as suggested in reference 7 (p. 640). 
All of these remaining terms of Burnett-—that is, all 
those not included in Eq. (16)——are approximately the 
same order of magnitude and must all be retained 
whenever the thermal transpiration effect is not the 
predominant higher order effect. It must be borne in 
mind, however, that no general mathematical verifica- 
tion is available supporting Eq. (16) since the smallness 
in magnitude of a term in a differential equation does 
not guarantee that the resulting effect remains small. 

If Eq. (16) is substituted into the proper equations 
of motion—e.g., reference 1, p. 576—the more general 
dynamic equations are obtained that contain the pre- 
dominant higher order effect improving Eq. (7) as well 
as the first-order effect of a high degree of rarefaction. 
For example, for slowly varying one-dimensional flow, 
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Eq. (16) would vield 


plu, + = —pr t+ (Qu + + 


a) 8S _. (uk 
uy (2 A) K3 ) 


if we follow Maxwell'® and neglect all the product terms 
in the thermal transpiration effect. This probably 
would provide the best equation for the analysis of 
shock-wave structure at Mach Numbers above 2, or 
the acoustic absorption at low pressures since in general 
k > u, so the thermal transpiration term may be con- 
sidered as having the order of magnitude of (up), 

The corresponding predominant expression for the 
heat flux or energy equation may be obtained as 


= —kT, + + (A/2u)] (uk/p)Tu,, (20) 


THE EFFECT OF THE MOLECULAR MODEL UPON THE 
EQUATIONS OF MOTION 


It is well known -e.g., see reference 10, pp. 118-123 
that the assumed law of force acting during interaction 
of monatomic molecules has no direct effect upon the 
form of the first-order terms. That is, all molecular 
models lead to Eq. (2); the only ostensible effect lies 
in the determination of the value to be assigned to u. 
However the second-order terms are directly affected 
by the assumed molecular model, as evinced by the 
appearance of the additional factor As; in Eq. (16)— 
also see reference 10, pp. 265-269. This indicates that 
only the first-order terms or Navier-Stokes equations 
of motion may be considered independent of the as- 
sumed physical model representing the viscous fluid. 

The general applicability of the Navier-Stokes equa- 
tions in the form corresponding to Eq. (7) for first-order 
effects is evident when one considers its basic deriva- 
tion. Equivalent sets of first-order equations are ob- 
tained practically independent of the physical model 
assumed to represent the viscous fluid. For example, 
Stokes* concept of an elastic body, or the various and 
diverse molecular models of Navier, Poisson, and 
Maxwell all lead to analogous first-order effects. Even 
the basic consideration of a symmetric stress tensor 
linearly related to a symmetric strain tensor possessing 
the same principal axes leads almost directly to the 
Navier-Stokes equations. 

In order to illustrate the insensitivity of the Navier- 
Stokes equations to the physical model, a heuristic 
derivation will now be presented for a hypothetical 
compressible viscous gas that turns out to be con- 
siderably different in behavior when compared to the 
usual basic considerations of a symmetric tensor but 
still yields the same form for the dynamical equations. 
The foundation of this heuristic derivation stems from 
a direct application of the basic momentum principle 
and the assumption that a simple generalization of 
Newton's basic stress relation will predict the viscous 
stress for any departure from a uniform velocity 0 
that 
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The second integral on the right represents the viscous 
shear force on the bounding control surface S following 
the assumption that the shear stress is given by 


u(dV dn) = (22) 


The third integral on the right, as before, represents the 
compression viscosity due to dilatation. It must be 
noted that Eq. (22) corresponds to a first-order vortex 
friction due to rigid body rotation. This leads to a 
physically improbable behaviour that will be discussed 
later. 

Then, using the general form of Gauss’ theorem, Eq. 


(21) becomes 


+ de (23) 


These integral relations may be applicable in de- 
fining macroscopic effects having a steady mean flow. 
The question remains as to the proper way of defining 
p, wand \,, for a given application. The pressure p is 
not the mean pressure Pp of Eq. (5), as originally defined 
by Stokes? (see Lamb, p. 573), and may not even be 
the thermodyna‘nic pressure, while ~ may not have 
the same meaning as before. In any case, if Eq. (25) 
is directly integrated for slowly varying one-dimensional 
flow, we obtain 


+ uur) = —pr + (uw + + 
u,(O/Ox) (u — (24) 


Then, if A, = yw, Eq. (24) becomes identical to that 
equation so successfully used for the analysis of plane 
shock waves in air by Sherman* and Gilbarg and 
Paolucci’ that is, for the case of 4 = O in Eq. (8). 
This consistent agreement between Eqs. (S) and (24) 
actually must occur because the use of Eq. (24) in the 
comparison with the experimentally measured values 
in the linear range of sound absorption and attenuation 
would automatically yield 4; = yw, as analogous to the 
predicted value of \ = 0 when using Eq. (8S). This is 
obvious since the pertinent viscosity coefficient group- 
ing remains in the one-dimensional dynamical equations 


as 
= 2p 
Ai 


in agreement with available experimental data on the 
acoustic absorption for diatomic gases in the linear 
The only possibility in distinguishing between 
the basic differences in the derivation of Eqs. (8) and 
(24) would be in the nonlinear high-frequency absorp- 
tion data, because of the difference in the rate of 
However, the 


range. 


energy dissipation in the two cases. 


entire theory for this phenomenon is at present in a 
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chaotic state. Heat conduction must be considered 
in the high-frequency equations, and even then a 
satisiactory agreement cannot be obtained without 
introducing empirical relaxation effects.” 

In any case, there is no way at present to distinguish 
the dynamical equations of Navier-Stokes from those 
of Eq. (24) since they differ by an arbitrarily defined 
constant only the rates of energy dissipation are 
dissimilar. 

It is interesting to note that, at present, there exist 
no experimental data which could indicate whether or 
not the physical basis of Eq. (23) is valid. Kinetic 
theory considerations would show superficially that 
Eqs. (23) and (24) would be in agreement with the 
equations for a monatomic gas if Ay = (1 3)u = con- 
stant, whereas first order kinetic theory directly pro- 
videsA = —(2/3)y. 

However, from basic considerations it is obvious 
that Eq. (23) cannot be valid, at least for a Maxwellian 
monatomic gas, since the term containing u has a direct 
physical relation to an unsymmetric tensor. This is 
so because it essentially contains the terms correspond- 
ing to the rigid body rotation (w,'), as well as the rate 
of deformation (d;'). That is, the stress tensor corre- 
sponding to Eq. (21) is written as 


t;' = — + u(d;' + w;') + did,! 6;' (25) 


in place of the usual Newton-Cauchy-Poisson relation 
(see reference 4, p. 126) corresponding to Eq. (2) 
namely, 

t;' = —pé;' + 2ud;' + rAd,* 5, (26) 


The direct shear strain in the isotropic case can be 
represented as a symmetric tensor, which has the same 
principal axes as the stress tensor, thereby allowing a 
linear relation between the stress and strain. On the 
contrary, the rigid body rotation is a vector or an 
antisymmetric—1.e., skew-symmetric tensor that can- 
not be linearly related in an invariant manner to the 
syimmetrical stress tensor. Physically this means that 
such a shear effect cannot be made to vanish through 
a rotation of the axes—-that is, in this type of relation 
one cannot refer to any principal axes, and, therefore, 
there is no analogy to the stress ellipsoid. This would 
indicate a most implausible behavior, at least for first- 
order effects. 

The elimination of this rigid body rotation provides 
the basic concept of a fluid in Stokes’ principle (see 
reference 2, p. SO): “‘That the difference between the 
pressure on a plane in a given direction passing through 
any point P of a fluid in motion and the pressure which 
would exist in all directions about P if the fluid in its 
neighborhood were in a state of relative equilibrium 
depends only on the relative motion of the fluid imme- 
diately about P; and that the relative motion due to 
any motion of rotation may be eliminated without 
affecting the differences of the pressures above men- 
tioned.” 

It is obvious that a rigid body rotation could not 


produce any shear force in a solid body. However, this 


> 
/ pVdv = — / / pndS + oe 
= 
Be 
“iple 
1 of 
‘ous 
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may be but one addition to the many reasons (see 
reference 4, p. 234) for a profound difference between 
an elastic body and a fluid, since there is absolutely no 
a priori reason why a polyatomic gas cannot produce 
such a shear effect, at least for second-order deforma- 
tions. Even the second-order Burnett terms from 
kinetic theory can provide a somewhat similar shear 
strain for rigid body rotation, although in this case 
Truesdell’ (see p. 251) has some valid objections. 
However, could a “rigid body rotation’ of a gas be 
possible without any dissipation of energy? There 
seems to be a fundamental inconsistency in the fact 
that a rigid body rotation should produce no viscous 
resistance, or energy dissipation, and yet a rigid body 
rotation in any fluid is a nonpotential motion that 
must require an energy dissipation in order to create 
it. Perhaps it even requires a continual second-order 
energy dissipation in order to maintain it; if so, there 
must exist a so-called ‘‘vortex friction.”’ 


The question concerning rigid body rotation and 
first-order vortex friction had been, raised by Mohr'® on 
the basis of heuristic kinetic theory arguments which 
were correctly refuted by Fues" for the case of a mon- 
atomic Maxwellian gas. However, there still remains 
the possibility of a finite second-order vortex friction 
effect for a polyatomic gas because of the probability 
of a second-order deviation from a conservation of 
angular momentum in a nonuniform flow field. For 
example, the centrifugal force field conceivably could 
have some effect in a nonuniform flow. Fues’ argu- 
ment" that shows the centrifugal force cannot produce 
a shear effect is correct but is not complete since it does 
not eliminate the possibility that a velocity gradient, 
even in a steady mean flow, continually subjects new 
groups of molecules to a nonuniform centrifugal force 
field. The molecular movement resulting from the 
centrifugal force field may be negligible to the first 
order, but certainly not in all cases. For example, 
Maxwell!*® showed that a monatomic gas cannot rotate 
as a rigid body unless the density distribution varies ex- 
ponentially. This effect is generally small since a 
tangential velocity of magnitude 1/10 the average 
molecular speed produces less than | per cent density 
variation in a rotating cylinder containing hydrogen. 
For a dense polyatomic gas, there may be a much 
stronger effect due to a second-order deviation from a 
conservation of angular momentum, effectively non- 
central molecular forces, and non-conservative internal 
energy changes in a nonuniform flow field. 


However, if the rigid body rotation produced only 
this type of a second-order friction effect, it would not 
justify Eq. (25) or Mohr’s argument’ since the rota- 
tional tensor is antisymmetric and could be related to 
the shear stress in an invariant manner only if it were 
introduced in a scalar form. The effect of this term 
certainly would be much smaller than the direct shear 
stress since it would be related to w* as a second-order 
effect; therefore, as a Brillouin-Truesdell"” term and not 
at all related to Eq. (25). That is, Eq. (26) and the 
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Navier-Stokes equations would remain the proper 
first-order relations. 


RiGip BoDyY ROTATION AND THE BRILLOUIN-TRUESDELL 
HIGHER ORDER TERMS 


The likelihood of the previously mentioned Brillouin- 
Truesdell’ terms will now be demonstrated in the 
simple example of a fluid contained in a vertical rotat- 
ing circular cylinder. This will also illustrate the 
striking difference between a liquid and a gas whenever 
one considers the nonlinear terms (for the basic differ- 
ences between an elastic body and a fluid see reference 
4, p. 234). 

In the rotating cylinder a liquid would maintain a 
constant density and temperature to a higher order of 
approximation, while only the pressure at a fixed ele- 
vation would vary as 


p _ Po + (1 2) po(rw)* (27) 


On the other hand, a gas could satisfy the Maxwell- 
Boltzmann equation, or the first-order quantum me- 
chanics equilibrium conditions, only if the temperature 
were uniformly constant, so that at a fixed elevation 
the pressure and density both would vary as 


p p | (rw)? | 
= = exp —|= 
Po Po 2(R m)Ty 
(rw)? 4 (rw)4 
= 
2(R/m)T) 8(R/mT))? 
It is seen that to the order of w* Eqs. (27) and (28) are 
identical since 


Po = po(R/m)T) (29) 


Eq. (28) may be derived from either ordinary hydro- 
statics combined with Eq. (29), or the Navier-Stokes 
equations, or the Burnett equations, since d,° = 0, 
d;' = 0, and T = constant. 

However, if the Burnett equations are applied to 
any other (p, p, 7) relation, they will yield a shear 
stress (according to Truesdell,’ p. 144). For example, 
if we assume constant density and Eq. (27) for the 
pressure variation, then the Burnett solution yields 
(see reference 11, p. 433) 


4+ wk (™) | 
K + (30) 
Pp: = 0 = py 


Pry = Pyr = (4/5) Ka(uk/ pT) (m/R)? 


which, to the order w*, agrees with Eq. (16) or Grad’s 
solution (reference 12, p. 374). For Maxwellian mole- 
cules, Eq. (30) reduces to 
+ = (u/p) (26m + + vu,)w? = 
(31) 
Per = Py = pry = 0 


which agrees exactly with Grad’s solution. 


Ho\ 
by the 


indica 
Brillot 
It i: 
Burne 
possib 
28), 
centri! 
quirec 
shown 
appro: 
tween 
intern 
the di 
plete 
of vel 
are ac 
theref 
would 
inner 
the o 
dition 
in agr 
order 
molec 
A 
the p 
bounc 
be to 
variot 
rotati 
On 
shoul 
rotati 
appro 
true. 
effect: 
stead) 
at the 
fluid | 
ment 
Th 
in wa 
der v 
acros' 
spiral 
perio 
diffus 
annul 
speed 
rotat 
woul 


= 
es, 
‘ 
3 


proper 


ESDELL 


illouin- 
in the 
| rotat- 
te the 
enever 
differ- 
erence 


tain a 
‘der of 
ele- 


xwell- 
1 me- 
rature 
vation 


(28) 
are 


(29) 


ydro- 
tokes 
= 0, 


d to 
shear 
nple, 

the 
ields 


(30) 


OF MOTION FOR 


EQUATIONS 


However, this is precisely the type of term predicted 


py the relation 


O 
w,'w," = 
pO (32) 
Ur — Uy 
9 


indicating the possibility of the appearance of all the 
Brillouin- Truesdell” terms. 

It is easily shown that the addition of Eq. (32) to the 
Burnett or Grad solutions, or to Eq. (16), makes it 
possible to modify the classical solution, given by Eq. 
28), for the effect of nonconservative collisions in a 
centrifugal force field. This would certainly be re- 
quired for polyatomic gases since Maxwell has already 
shown (see reference 13, p. 739) that Eq. (28) is an 
approximation that is valid only if the difference be- 
tween the kinetic energy of the molecules and the 
internal energy of the gas is neglected. in addition, 
the dissipation indicated by Eq. (32) would be in com- 
plete agreement with Jeans’ concept" of the persistence 
of velocity. Since the outer molecules on the average 
are actually moving faster in space than the inner ones, 
therefore the persistence of velocity after a collision 
would tend to produce an increase in the speed of the 
inner molecules, and likewise a decrease in the speed of 
the outer molecules. This would lead to a slip con- 
dition at the wall and a continual dissipation of energy, 
in agreement with Eq. (32), since it would be a higher 
order effect, directly dependent on the assumed inter- 
molecular forces. 

A simple experiment, determining whether or not 
the persistence of velocity could produce a slip at the 
boundary and a shear effect varying with w’ or w*, would 
be to measure the temperature increase of a gas at 
various low pressures when contained in a cylinder 
rotating in a vacuum. 

On a somewhat reduced scale similar considerations 
should also apply in a liquid flow. For example, the 
rotating cylinder containing a liquid would eventually 
approach a steady state if Stokes principle* were always 
true. However, if a rigid body rotation created an 
effective second-order energy dissipation, then the 
steady state would never be attained, slip would occur 
at the cylinder walls, and an internal oscillation of the 
fluid could occur in order to dissipate the angular mo- 
mentum. 

The author believes he has observed this oscillation 
in water contained in a vertical rotating circular cylin- 
der with a free surface. When a dye was streaked 
across the free water surface in such a manner that 
spiral configurations were formed, then after a long 
period of rotation, although no appreciable radial 
diffusion of the dye was apparent, still the central 
annuli of water exhibited a slowly varying rotation 
speed that became alternately greater or less than the 
rotation of the cylinder. However this experiment 
would be extremely critical to external vibrations and 
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thermal convection, and the author is not certain that 
all such external disturbances were negligible. 

In addition, the free water surface did not maintain 
a smooth parabolic profile but had a slowly varying 


perturbation of finite length. This may have been 
related to the inviscid “cellular inertia waves’’ investi- 
gated by Bjerknes and Solberg.'* In order to deter- 
mine whether or not viscosity or surface tension had a 
role in this phenomenon, the experiment was repeated 
using a light oil in the rotating cylinder. The para- 
bolic surface was not very smooth and no oscillations 
were apparent. However observations with small 
paper fibers that were slowly sinking to the bottom of 
the rotating cylinder indicated that the annuli less 
than midway to the cylinder wall could rotate more 
rapidly than the wall itself. 

This phenomenon would be in complete agreement 
with Jeans’ persistence of velocity effect'* as previously 
In any case, its existence would show that 
term” by itself could not 


discussed. 
Reiner’s ‘‘cross-viscosity”’ 
represent all the possible second-order effects in a 
general liquid. As a matter of fact, the same mathe- 
matical arguments used by Reiner*’ to introduce the 
term d,‘d;* would also apply for w,'‘w,;* and d,‘w,* since 
they form symmetric tensors invariant to any rotation 
or translation of the axes. 

Therefore, the generalized liquid that possessed a 
second-order vortex friction must have a symmetric 
stress tensor represented by 


= + + Fed, + 
Fyw,'w;* + ,'w;* (33) 


This would, of course, define a non-Stokesian liquid 
since the stress is now dependent on the vorticity. 
Brillouin’! and Truesdell” include all the terms of 
Eq. (33) in their more general fluid relation, which also 
includes other effects such as those produced by tem- 
perature and pressure gradients in gases. However, 
both thought it probable that /; would be zero, Bril- 
Jouin’s'* argument being that no stresses could be 
created by a rigid body rotation when the rate of de- 
formation vanished, at least for the case of conservative 
intermolecular forces (see reference 14, p. 452). Yet 
the only possibility of explaining the preceding experi- 
mental behavior (provided the phenomenon still 
occurs in steady rotation when a// external disturb- 
ances are eliminated) is by means of the term contain- 
ing F; since all of the remaining terms vanish (except 
Fy = —p), because d,' = 0 for any rotating fluid. 

For a gas, Eq. (32) indicates that F; would be related 
to (u® p). If this were true then Maxwell's thermal 
transpiration effect would still remain the predominant 
term, as indicated by the inequalities preceding Eq. 
(18), and Eq. (16) would still provide the best general 
solution for most cases other than the rotating con- 
tainer. At least, as previously pointed out, it would 
not be justifiable to retain any of the remaining second- 
order Burnett!! or ‘‘13-moment’’ Grad'® terms since 
those corresponding to F; and F; in Eq. (33) seem to 
have been Jost in the process of obtaining a solution. 
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ADDENDUM* 


In the Journal of Rational Mechanics and Analysis, Vol. 5, 
pp. L-128, 1956, Ikenberry and Truesdell present a rigorous 
mathematical analysis of the erroneous behavior of the Burnett 
expansion method and the Grad “13-moment’’ approximation. 
Truesdell shows, by comparison with the exact solution for a 
simple shearing flow defined by u,/y = constant, that the 
Maxwellian iteration process only converges for pu,/py < 
V2 
lating the exact equations of motion for a Maxwellian molecule, 


3. Also, by comparison with a mathematical model simu- 


Truesdell indicates that in general no universal formulas, valid 
for all initial or boundary conditions, can result beyond the 
Navier-Stokes order of approximation and that in a_ specific 
case the Navier-Stokes equations more closely approximate the 
true asymptotic solution than does any finite sum of higher 
order approximations. 
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An Investigation of the Noise Produced 
by a Subsonic Air Jet’ 


J. H. GERRARD? 
University of Manchester 


SUMMARY 


To investigate the theoretical predictions of Lighthill* on acro 
dynamic sound, measurements have been made of the sound 
field of a 1 in. air jet issuing from a long pipe. The measure- 
ments have been made over a wide frequency band (30 to 10,009 
eveles/sec.) and in !/3; octave bands in this frequency range. 
The mean Mach Number at the pipe orifice was varied from 0.3 
to 1.0. 

The dependence of the apparent position of the noise sources 
on frequency and jet speed was investigated. At a given fre- 
quency a source is situated farther from the jet orifice the higher 
the jet speed. Lower frequency sources appear farther down- 
stream than ones of higher frequency, consistent with their 
sociation with larger eddies. The directional characteristics 
of the sound field at different frequencies and jet speeds are illus- 
trated by means of scale diagrams showing lines of constant sound 
intensity. These sound fields are analyzed in terms of the mov- 
ing quadrupole sources of Lighthill's theory and good agreement 
It is shown that the apparent spread of the sources at 
At low frequency 


obtained 
low frequencies is due to the Doppler effect 
relative to the frequency of maximum power output) the radi- 
ation is predominantly that of three mutually orthogonal longi- 
tudinal quadrupoles which, except for the effect of convection 
upon it, has a sound field like a monopole source. At higher 
frequencies the sound jields of lateral and longitudinal quadru- 
poles predominate. 

The dependence of the noise intensity upon jet speed is ex- 
amined in terms of the power law relation; p*? a J/". The ex- 
ponent (z) depends upon the Mach Number (.\/.) of convection 
of the sources which is a function of frequency; because of this 
dependence n also varies with direction, being greater in down- 
stream directions than in upstream directions. From this vari- 
ation with direction it is concluded that at a given jet speed there 
isa frequency at which ./, is a maximum; this maximum fre- 
quency increases with jet speed. The values of ./. are com- 
parable with unity, and therefore the Doppler effect has to be 
considered when analyzing the sound field. For radiation at 
right angles to the direction of motion of the source the exponent 
is the same as for a stationary source: thus a more direct com- 
parison with theory is made. 

The spectrum of the acoustic power output of the jet derived 
by integration of the measured noise intensity is found to be ex- 
tremely flat. The maximum power output lies at about 4 ke. /sec. 
and is almost independent of jet speed. This independence 
is thought to be partly due to the convection of the noise sources 
and partly to acoustic radiation damping. 

The acoustic efficiency of the jet is found to be very small: 
10-4 M*? in the frequency band from 30 to 10,000 cycles/sec. 
The values of the efficiency (m) per '/3 octave are derived and 
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from these the quotient »,/ 1/7’ the latter is independent of 


M and has a maximum at 4 ke./sec. and below this frequency 
increases as the square of the frequency. 

The observed noise field is well represented, qualitatively, by 
the Lighthill turbulent 
velocity correlations are necessary before a rigorous comparison 


theory. Measurements of complex 
with theory can be made 


NOTATION 


p* = mean square sound pressure (intensity 7 = p?/ pody) 

U = jet velocity 

A = mean Mach Number at pipe orifice 

V = Mach Number of convection of source 

A = mean Mach Number at distance x downstream of 
orifice 

v = distance downstream from oriice of source position 

d = pipe diameter ( = 2.513 cm.) 

r = distance of point of observation from source 

oy] = angle between 7 and the downstream direction of the 
jet axis 

Inar. = angle J corresponding to direction of maximum in- 
tensity 


d = frequency 
Ss z= Nd/ Ma = 
Number) 


nondimensional frequency (Strouhal 


p = air density 

a = speed of sound in atmosphere surrounding jet 

n = exponent in p? \J"—1.c.,n = O log log MV 

m = valve of n at d = 90°; equals value when 1/7, = 0 

r = acoustic power output 

(p?) = average mean square sound pressure over the surface 
of a sphere of radius 7 surrounding the source 

(p?)) = free-field value of (p?) 

= exponent in relation (p?)y) 

= average of m, over range 0.38 < M < 1.0 

n = acoustic efficiency 


(1) INTRODUCTION 


The noise emitted by jet engines has become a com- 
pelling problem and has led in the past few years to 
experimental studies of the noise radiated by small cold 
turbulent jets in many laboratories in Britain and the 
United States.'. The main stimulus to this experi- 
mental work was Lighthill's theory,? which related 
the noise radiation to the characteristics of the turbu- 
lence within the jet. Lighthill derives from the equa- 
tions of continuity and momentum a wave equation 
with a right-hand side equal to the second space de- 
rivative of the fluctuating stress tensor in the flow field. 
At low Mach Numbers this stress tensor (7);;) approxi- 
mates to pov; where v7, is the turbulent velocity com- 
ponent. This wave equation has a retarded potential 
solution which is the fluctuating density outside the 
flow field. At large distances the solution takes the 
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TABLE 1 
Apparent Source Position and Angle of Maximum Intensity 


Frequency Strouhal 
Cycles/sec. Number M Omar.” Xo/d 
8,500 0.672 0.955 41.7 9.75 
0.808 0.794 41.6 8.15 
1.02 0.631 48 7.15 
1.28 0.501 41.3 5.95 
1.61 0.398 42 2.6 
2.03 0.316 40.6 0.6 
5,500 0.523 0.794 35 8.05 
1.04 0.398 35.7 5.5 
2,630 0.250 0.794 26 10.35 
0.499 0.398 24.5 4.7 
1,300 0.124 0.794 23 11.95 
0.156 0.631 19.5 9.55 
0.196 0.501 19 6.75 
0.246 0.398 18.5 4.4 
640 0.061 0.794 17 12.35 
0.121 0.398 16 1.4 
0.5to1.0 27 14 


30 to 10,000 


form of an integral, over the flow, containing the 
second time-derivative of the tensor 7°;;. 

The stress tensor represents the strength per unit 
volume of a field of quadrupoles which arise from oscil- 
lations in the rate of momentum flux across surfaces 
fixed in the fluid. Simple source (or monopole) and 
dipole distributions are absent from the jet because 
at any instant the integrated flux of mass and, since 
there are no solid boundaries, the integrated flux of 
momentum over the whole field must be zero. Light- 
hill suggests that the most significant analysis of the 
tensor 7; is into a pressure and a pure shearing stress, 
and he shows that these radiate like a monopole (pro- 
duced by three mutually orthogonal longitudinal quad- 
rupoles) and a lateral quadrupole, respectively. In 
Part II of his paper, Lighthill shows that the important 
term in the rate of change of momentum flux at a point 
is the product of the excess pressure and the rate of 
strain, thus illustrating how the lateral quadrupole 
is produced by shear. 

A detailed prediction of the noise field requires a 
knowledge of the correlations between values of pov wv; 
separated in space and time, but the main features of 
the noise radiation can be deduced from a dimensional 
argument. Thus Lighthill relates the sound intensity 
(proportional to the mean square of density fluctu- 
ations) to the eight power of a typical velocity in the 
jet and to the square of a typical length such as the 
jet diameter, and he goes on to show that the total 
acoustic power output from similar jets is approxi- 
mately proportional to the relevant dimen- 
sionless frequency parameter is the Strouhal Number 
(Nd/U). 

When the source of sound is convected with the 
flow, at Mach Number J/,, a factor (1 — .V/, cos #)~* 
must be included in the intensity: thus a lateral 
quadrupole which, when stationary, produces a maxi- 
mum in intensity at 45° to the flow, has this angle de- 
creased by convection; also, owing to the Doppler 
effect a convected source of frequency V radiates a 
frequency N(1 — M, cos 8)~'. Another effect of the 
convection is to alter the power law for the intensity 
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by an amount depending on the angle J. 

These dimensional considerations and their extensjoy 
to apply to a convected source are sufficient for a pre. 
liminary comparison between theory and experimen; 
The results given here, as well as those of other workers 
in general support this theory. 

The similarity in the sound fields of small jets issuing 
from pipes and nozzles*: * and the sound fields of sta. 
tionary jet engines’: ® indicates that the production oj 
noise is due mainly to turbulent mixing of the jet with 
the surrounding atmosphere. The results of all work. 
ers confirm that the sound intensity varies according 
to a high power of the jet speed, and Hubbard and 
Lassiter’ have shown that the intensity is proportional 
to the square of the orifice diameter. The sound field 
possesses highly directional properties, consequently 
comparison of intensity measurements by different 
workers may be misleading. Fitzpatrick and Lee’ 
have determined the acoustic power output of small 
jets from measurements in a reverberation chamber 
Their spectra of acoustic power output agree well 
with those found by the author from an integration of 
the measured intensity. Fitzpatrick and Lee and also 
Westley and Lilley*® found that the frequency of maxi- 
mum power output was almost independent of jet speed, 
whereas it was expected that the Strouhal Number 
corresponding to maximum power output should show 
this independence. The author finds that some in- 
crease in the frequency of the maximum with increasing 

jet speed would be produced if the speed of convection 
of the sources was independent of frequency; this effect 
when supplemented by Lighthill's suggestion’ of acous- 
tic radiation damping has the effect of producing the 
almost constant frequency of maximum power output. 

The manner in which the intensity and acoustic 
power output vary with jet speed is discussed in some 
detail in terms of the exponents in the relations / « \" 
and P « M"'. n has been determined at constant 
frequency and m, at both constant frequency and 
Strouhal Number. The variation of the exponents can 
be partly accounted for by their dependence upon the 
speed of convection of the sources. 

Hubbard and Lassiter® and Westley and _ Lilley’ 
have shown that the high-frequency sources are situated 
close to the jet orifice while the low-frequency sources 
are located further downstream. The positions of the 
sources are also determined here: the variation of 
position with jet speed as well as frequency is investi- 
gated. 

Lines of constant sound intensity have been plotted 
to study the directional characteristics of the sound 
field. For small jets Westley and Lilley’ showed 
strong evidence for the existence of lateral quadrupole 
sources at high frequencies. The angle of maximum 
intensity is known to increase with increasing [fre- 
quency (see Table 1); von Gierke et al.* have shown 
that at very high frequencies (relative to that of maxt- 
mum power output) the angle of maximum intensity 
approaches the direction perpendicular to the jet axis. 
An explanation of the observation is suggested here. 


| 


7 
ce 
b: 
ql 
al 
m 
N 
: 
4 
in 
a 
tt 
in 
| 
di 
al 
fi 
I 
b 
on 
: | 
B 
t 
al 
Oo 
a 
a 
tl 
h 
n 
yes 
t 


ir extension 
t fora 
‘xperiment 
er workers. 


jets issuing 
‘Ids of sta. 
duction of 
he jet with 
f all work. 
according 
bbard and 
oportional 
ound field 
isequently 
different 
and Lee‘ 
of small 
chamber 
gree well 
gration of 
and also 
of maxi- 
jet speed, 
Number 
uld show 
some in- 
ncreasing 
omvection 
his effect 
of acous- 
icing the 
r Output. 
acoustic 
in some 
« 
constant 
ney and 
ents can 
1ipon the 


Lilley’ 
situated 
sources 
is of the 
ation of 
investi- 


plotted 
e sound 
showed 
drupole 
ing fre- 
shown 
maxi- 
itensity 
et axis. 
d here. 


NOISE PRODUCED BY 


The sound field is analyzed in more detail and found to 
be well represented by quadrupole fields, although 
certain discrepancies still exist. 

Measurements have been made in a wide frequency 
band (30 to 10,000 cycles sec.) and in '’; octave fre- 
quency bands in this frequency range. The wide fre- 
quency-band measurements were made first to obtain 
an overall picture of the sound field and to plan the 
method of experiment. The range of mean Mach 
Number at the jet orifice covered in these experiments 


was 0.3 to 1.0. 


(2) APPARATUS 


The jet investigated in these experiments was pro- 
duced by exhausting a reservoir of compressed air, 
4,500 ft.* capacity, through a cylindrical pipe of | in. 
internal diameter and 36 diameters long. The flow 
at the end of the pipe approximated to fully developed 
turbulent pipe flow. Another pipe of the same internal 
diameter but 54 diameters in length was used in some 
experiments. The increased turbulence produced an 
increase in the total sound radiated of 2 or 3 db. in all 
directions. The experiments were made in a large 
aircraft hangar (180 by 90 by 35 ft.) with the jet pipe 
fixed horizontally in the middle of the hangar and 
12 ft. above the floor. 

A Standard Telephones and Cables Ltd. dynamic 
microphone (type 4021E) was used for the preliminary 
measurements, thus restricting the frequency range 
between 30 and 10,000 cycles sec. Later measure- 
ments were made in | ; octave frequency bands, and a 
Bruel and Kjaer condenser microphone (type 4111) 
was used because the dynamic microphone was found 
unsuitable for measurements close to the source of 
sound. 

The microphone signal was amplified by a conven- 
tional variable gain amplifier followed by a feedback- 
amplifier’ of high linearity as output stage. The 1/35 
octave filters and one valve circuit of a Siemens-Halske 
spectral analyzer could be inserted between these two 
amplifier stages. The r.m.s. output was indicated by 
a vacuo-junction and galvanometer. This square-law 
measuring circuit had a long time constant which was 
advantageous for noise measurements. A short time- 
constant valve voltmeter circuit was incorporated in 
the amplifier to enable the gain adjustment to be 
made rapidly. 

The amplifier hum and noise level was always more 
than 30 db. below the measured jet noise signal. The 
hum level was kept low oy running the valve heaters 
in series from a d.c. power supply. The amplifier gain 
varied by roughly 0.1 db. during each series of measure- 
ments. The gain was measured at the beginning and 
end of each run. The constant voltage input used for 


this calibration was obtained from a nonlinear bridge.® 


(3.1) METHOD OF MEASUREMENT 


In order that the sound pressure level could be re- 
lated to the jet speed, simultaneous measurements were 
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made of the sound pressure and the pressure at the inlet 
to the jet pipe. The pipe was calibrated by deter- 
mining the mean Mach Number (.1/) at the pipe orifice 
as a function of the ratio of the pipe inlet pressure to 
the atmospheric pressure. The mean Mach Number 
was found from a transverse across the orifice with 
pitot and static tubes; small corrections were applied 
for the effect of turbulence'’ and for the displacement 
of the effective center of the pitot tube.'' The Mach 
Number was calculated on the assumption that the 
flow was isenergetic. 

Mach Number distributions were also measured 
downstream of the orifice. The mean Mach Number 
(./,) across the jet at a distance x downstream of the 
orifice was found to obey the relation 


M,/M = 2.22 [2.22 + (x d)] 


in the range 0 < (x d) < 20, where d is the orifice jet 
diameter. 

The air was compressed into the reservoirs and the 
compressor stopped. The air was fed to the jet pipe 
through a 12 in. main and then through 4 in. pipes. 
Two methods of exhausting the air through the jet pipe 
were used; in the one a gate valve in the 12 in. main 
was used to control the flow and reduce the rate of fall 
of pressure at the jet exit so that noise measurements 
within a narrow range of jet speeds could be made: in 
the other the gate valve was fully opened. Measure- 
ments at the same jet speed for a range of reservoir 
pressures showed that the noise produced in the gate 
valve was negligible compared with that of the jets. 

Preliminary measurements showed that the jet sound 
field possessed axial symmetry; namely, that reflections 
from one particular direction did not predominate. 
The measurements reported here were all made in the 
horizontal plane through the jet axis. For measure- 
ments which were not made close to the source of sound 
a correction for the reverberant sound level was neces- 
sary to reduce them to their free-field value. The 
reverberant sound level calculated from the reverber- 
ation time, assuming that the hangar was a rectangular 
box and that its surfaces reflected diffusely, was found 
to be too high by an amount depending upon frequency ; 
it was therefore determined directly, for each fre- 
quency band, as a function of jet speed, from measure- 
ments made at large distances from the jet. 


(3.2) ACCURACY OF RESULTS 


The electronic equipment was calibrated to +0.1 
db., and measurements were read to the nearest 0.05 
db. The gain of the amplifier and filters was measured 
at the beginning and end of each run. Noise measure- 
ments were repeatable to within 1 db. in all cases. 
The dynamic microphone calibration was checked by 
the N.P.L. mobile acoustics laboratory at low fre- 
quencies and found to be accurate to within 1 db. A 
comparison of the two microphones used showed their 
calibrations agreed to within | db. at all frequencies. 
The absolute accuracy was governed mainly by the 
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Fic. 1. Intensity as a function of distance; 1,300 cycles ‘sec., 
M = 0.794. 


distortion of the sound field from its free-field form by 
the presence of reflecting surfaces. The uncertainty of 
measurements, including the correction for the rever- 
berant sound level, was estimated to be about +2 db. 


(4) VARIATION OF INTENSITY WITH DISTANCE FROM 
SOURCE 


At positions close to the jet the measured sound field 
is the same as would be measured in a free-field: that 
is to say, in the absence of all reflecting surfaces except 
the jet pipe. At large distances from the source of 
sound, reflecting surfaces are the controlling factors 
and the measured intensity is sensibly the reverberant 
sound level. In a radiation field the sound intensity 
falls off as the inverse square of the distance. The 
observed mean square sound pressure may be repre- 
sented by p* a 1 r* where ¢ is the distance of the point 
of observation from the source and s is a function of 
distance, frequency, and direction. In the “‘near- 
field” s was greater than 2 in upstream directions and 
less than 2 in downstream directions. At larger dis- 
tances s approaches 2 in a free sound field. The limit 
of the radiation field depended upon direction and fre- 
quency. 

Four curves of sound intensity as a function of dis- 
tance are shown in Figs. | and 2. The measured rever- 
berant sound levels at these speeds for the high and low 
frequency were —41.25 db. and —0.75 db. relative 
to 1 w-bar,* respectively. The limits of the radiation 
fields at these same two frequencies are shown in Fig. 3. 
These are the limits of the region in which s = 2 in the 
free-field and were obtained from measurements along 
lines radiating from the effective source position 


* 1 w-bar = 1 dyne cm. ~. 
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(marked with an asterisk in Fig. 3). Measurements at 
1,300 cycles sec. and J = 0.794 showed that the limit 
was of the order of 100 cm. from the source, except at 
3 = 40°. The curves are very roughly the same shape 
as the lines of constant intensity, with some significant 
divergences. Outside the inner limit of the radiatiop 
field the lines of constant intensity cannot change shape 
as distance from the source increases. It follows, 
therefore, that if a source is concentrated at a point, 
the limit of the radiation field has the same shape as 
the radiation field lines of constant intensity. The 
low frequency curve shows the composite nature of the 
radiation field and indicates the possibility that the 
sources are distributed along the jet. The point 
marked with the asterisk is the position of the most 
intense source. From the curves obtained at the 
higher frequency it appears that the radiation (in the up- 
stream direction at least) is emitted by distributed 
sources: these may, in fact, be due to radiation from 
the pipe walls. 

The variation in size of the region bounded by the 
inner limits of the radiation field, with frequency and 
jet speed, was difficult to assess from the small amount of 
data. The region appeared to increase in size with de- 
creasing frequency as was expected. The variation in 
size with jet speed is unaccountable. There are, how- 
ever, many factors which may be relevant, such as the 
volume occupied by the source distribution, the speed of 
convection of the sources, and the type of the source. 

Wide frequency-band measurements have not been 
made close to the jet. At larger distances the departure 
from the inverse square law could be accounted for by 
the reflected sound. 


(5) PosiTION OF SOUND SOURCES 


Each turbulent eddy contained in the jet radiates 
noise like a system of acoustic quadrupole sources 
which, in certain circumstances, may reduce to a simple 
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NOISE PRODUCED 


The total noise field is the aggregate of the 


source.” 
fields of the individual sources, with the included effect 


of Doppler shift in frequency due to the convection of 
the sources which will vary from one eddy to another. 
It is, nevertheless, convenient and instructive to approx- 
imate to the source distribution associated with a giveii 
frequency of noise by a discrete source or a small num- 
ber of sources: but, owing to the Doppler effect the 
source positions deduced from the acoustic measure- 
ments are only apparent positions. 

There are several reasons why it is desirable to de- 
termine, at least approximately, the positions of the 
sound sources early in the investigation. At high 
frequencies the microphones possess directional prop- 
erties. An error is introduced if the microphone is 
not directed towards the source. This is unavoidable 
when measuring over a wide frequency band but can 
be eliminated from the narrow frequency-band meas- 
urements. 

The center of the sphere, over which the intensity is 
integrated to obtain the acoustic power output, must 
be taken at the source position if no error is to be 
introduced. The proportionate error in acoustic power 
output is y°? 22°, where y is the misplacement of the 
center of the sphere (of radius zs) from the source; 
clearly, this error is not significant unless y 2 is large. 

The speed of convection of the source determines 
the pattern of the radiation field, and a speed must be 
chosen in order to fit the theoretical expressions for the 
sound field to the measured intensities. A knowledge 
of the range of speeds present in the vicinity of the 
source is therefore desirable. 


(5.1) MetHop oF DETERMINING SOURCE POSITION 


Except at the lowest frequencies the sound field of a 
jet possesses a pronounced maximum in the downstream 
quadrant. The source position can, therefore, be de- 
termined from a plot of the lines of constant intensity 
in the horizontal plane through the jet axis. Using the 
analogy between lines of constant intensity and con- 
tours of equal height, a line followed ‘‘up the spur of 
the hill” leads to the source. At low frequencies, for 
which the microphone was omnidirectional, the 1in- 
tensity was measured as a function of position as the 
microphone traversed the maximum. This was re- 
peated at various distances from the jet. When the 
positions of maximum intensity were plotted on a scale 
diagram they were found to be on a straight line which 
was extrapolated to give the source position. At 
high frequencies the microphone had to be directed 
towards the source and thus the source position had 
first to be estimated. Measurements along two arcs 
served to show whether the initial estimate was a good 
one or not, and with the accumulation of information 
the first guess at the source position was usually fairly 
accurate. 

At low frequencies there is evidence that the sources 
are distributed over a large volume (but not large com- 
pared with a wave length). The angle which the 


BY 


SUBSONIC 


1300 cycles /sec 


M=0.398 


20 40 60 80 cm 


8SOO cycles/sec 


M 20.794 


8500 cycles/sec 


M=0.398 


20 40cm 
Fic. 3. Limits of radiation fields Lines of constant 
intensity 


direction of maximum intensity makes to the jet axis 
decreases with decreasing frequency. These two fac- 
tors make the determination of source position very 
inaccurate at low frequencies. It appears that the 
difficulty can only be overcome by plotting the com- 
plete near-field. 


(5.2) RESULTS 


At any given frequency, as the speed of the jet de- 
creased the source moved nearer to the orifice, and it 
was found that the jet Mach Number at the source 
position was approximately the same for all jet speeds. 


From this one would have expected the speed of con 
vection of the source to remain approximately con- 
stant with change in jet speed and thus the direction 
of maximum intensity to be at the same angle to the 
jet axis: this was, in fact, found to be the case. 

The variation of source position with frequency was 


not a simple one. Sources of a given low frequency 
were more spread in the direction of the jet axis than 
those of higher frequency (see Section 6) as might be 
expected if the low-frequency sources were monopole 


in character and so did not require to be in a region of 
strong mean-flow shear in order to radiate. 

The most intense component of a given low-frequency 
radiation field had its origin at smaller distances (x9) 
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downstream of the jet orifice than the other sources 
of the same frequency. It will be seen in Section 6 
that these low-frequency sources are predominantly 
monopole in character. The values of x) corresponding 
to this most intense component are the ones discussed 
here. This is also the value of x) obtained by drawing 
a line “‘up the spur of the hill."”| The manner in which 
xy varies with frequency depends upon jet speed and is 
shown in Table | together with the angles at which the 
maxima occur. The source position determined at 
the lowest frequency is in some doubt (see Figs. 8 and 
9). 

Measurements in a wide frequency band indicated 
that the effective source position in the 30 to 10,000 
cycles sec. range was about 14 diameters downstream 
of the orifice for the range of jet Mach Number, 0.5 
< M< 1.0. The angle of maximum intensity observed 
in wide frequency-band measurements was 27° and 
was independent of jet speed. 

The values of the nondimensional frequency or 
Strouhal Number are included in Table 1 because it is 
this rather than frequency which is fundamental when 
considering aerodynamic sound. It is assumed that 
the frequency is related to frequencies characteristic 
of the energy bearing eddies in the turbulence, which 
would be roughly proportional to a typical velocity 
(Ma,) divided by a typical length (d). It appears, 
nevertheless that the angle of maximum intensity de- 
pends upon frequency rather than Strouhal Number. 


(6) LINES OF CONSTANT INTENSITY 


A consideration of the directional characteristics of 
the sound field followed naturally from the determi- 
nation of source position. The measurements of the 
last section formed a basis for the observations re- 
quired. The lines of constant intensity are plotted on 
scale diagrams in Figs. 4 to 10. Measurements have 
been made at the points shown by small circles. The 
numbers on the figures indicate sound pressure in 
decibels relative to 1 u-bar and were determined by 
interpolation. The apparent source position and 
direction of maximum intensity are shown on the 
figures. The wave-length of the sound is also drawn 
on the same scale. The reverberant sound level lies 
at least 10 db. below the lowest sound pressure contour 
except at 640 cycles sec. (Figs. 8 and 9) where it is 
about 6 db. below. No correction has been applied for 
the reverberant sound because it would not alter the 
diagrams significantly. 

At the highest frequency investigated the sound field 
possesses a maximum at an angle (J,,;,.) a little less 
than 45° to the jet axis and another at an angle (#) of 
about 160°. As the frequency decreases, the angle 
Omar, decreases and the maximum in the upstream 
direction disappears. At the lowest frequencies, the 
direction of maximum intensity lies at a small angle 
to the jet axis and the intensity at a fixed distance (7) 
from the increases. When 
measurements were made in a wide frequency band (30 


source decreases as 
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to 10,000 cycles /sec.), Was 27°. 
Vnar, did not depend upon the jet speed. 
of 3 from 90 to 180° the wide frequency-band intensity 
was approximately constant for a given value of. 
When the distance from the source is of the order of 
a wave length of the sound, it appears from the dia- 
grams that the maximum of intensity is divided into 
This is probably due to the sources of 


This value of 
In the range 


two peaks. 
sound being spread over a length of the jet comparable 
with the sound wave length. 

Figs. 4 and 5 show the sound fields at 8,500 cycles 
per sec. at two jet speeds. They possess a maximum in 
the downstream quadrant in the position which would 
be expected from a lateral quadrupole. The radiation 
at right angles to the jet at the source position, how- 
ever, shows that other types of sources are also present 
since a lateral quadrupole would not radiate in this 
direction. If we restrict our choice of sources to fourth- 
order multipoles, the form of the lines of constant in- 
tensity in the range 15° < 8 < 45° shows that the 
source responsible for the radiation at # = 90° must 
be a longitudinal quadrupole with its axis perpendicular 
to the jet. An expression for the intensity can be 
derived which agrees with the observed field to within 
2 db. for values of # up to 110°. The best fit was ob- 
tained by using the following expressions 


A sin? 28+ B sin‘ 3 


M = 0.794 = (1) 
P r?(1 — M,, cos #)® 

M = 0.398 p= 23 ++ D (2) 
r? (1 — M,, cos #)* 


The part containing sin? 23 represents a lateral quad- 
rupole radiation field and the other, containing sin‘ J, 
a longitudinal quadrupole field. The Mach Numbers 
of convection (\/,) of the two types of source were 
taken to be the same because the sources were in the 
same small region of the jet. When r is in centimeters, 
the va'ues of the constants in db. relative to 1 u-bar, are 


A = 51.1 db. 
B = 53.5 db. M,, = 0.32 
C = 31.8 db. 
D=31.0db. = 0.16 


These values were determined by solving the simul- 
taneous equations obtained by fitting Eqs. (1) and (2) 
to the experimental curves at particular values of #. 
The solutions are not to be considered as unique: in 
fact, the determination of a unique solution simply 
from measurement of intensity is not possible. 

If we assume that p? a J1/", then Eqs. (1) and (2) 
give for the lateral quadrupole n = 6.4, and for the 
longitudinal quadrupole » = 7.5. Considering the 
errors which must necessarily arise, the mean of these 
two values of m (viz., 7.0) compares very favorably with 
the value of the mean exponent (#,) determined for 
this frequency (viz., 7.2, see Fig. 12). The Mach Num- 


bers of convection are not at variance with the meas- 
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Mach Number at the section of the jet at the source 
position are 0.43 and 0.36 for the high and low jet 
speed, respectively. The values of J/, for other jet 
speeds have been determined at this frequency and are 
well represented by the relation JJ, = 0.4.1/, where 
M is the mean Mach Number at the jet pipe orifice. 
At this frequency of 8,500 cycles ‘sec., a maximum in 
the upstream direction remains to be explained. The 
factors which may contribute to its production are 
radiation from the pipe walls due to the turbulent pipe- 
flow within, the possibility of higher order multipoles,’ 
the diffraction of sound by the jet pipe which may cast 
a shadow at this frequency,'* and the distribution of 
sources along the jet (due to the Doppler effect). 


It is interesting to note, in connection with the dis- 
tribution of the sources, that a maximum in the intensity 
of the radiation appears and increases with increasing 
frequency and Mach Number. At very high frequen- 
cies and at Mach Numbers greater than unity, Powell'® 
has discovered radiation predominantly in the up- 
stream direction. He postulates, on strong evidence, 
that the sound is so directed by the distribution of 
monopole sources, which are stationary and spaced at 
distances equal to the wave length of the sound. 
Powell's sources, however, are produced by the 
passage of eddies through shock waves, a mechanism 
which is impossible in the subsonic jet investigated 
here. 

The fact that the sources of sound are convected at 
an appreciable Mach Number produces a decrease in 
the radiated frequency with increasing angle, (#), 
(Doppler effect). We might expect, therefore, that 
Eqs. | and 2 which agree with the observed field at 
8,500 cycles/sec. in the downstream quadrant but fall 
well below in the upstream quadrant, would agree with 
the observed fields in the upstream quadrant at some 
lower frequency. In fact the radiation at 5,500 and 
4,185 cycles ‘sec. is less than 2 db. different in intensity 
from that at 8,500 cycles sec. in the range of 3 from 
130 to 160°. The discrepancy between Eqs. (1) and 
(2) and the observed fields does not, therefore, appear 
to be due to the Doppler effect. 


A comparison between a theoretical field and that 
observed has also been made at 1,300 cycles ‘sec. at a 
jet Mach Number of 0.631. A distribution of mono- 
pole sources appears to be the only combination which 
reproduces the observed field. Combinations of sources 
of longitudinal and lateral quadrupole type have been 
tried without success. Radiation of the monopole 
type is expected, as Proudman has shown,'t when the 
source is situated in a region of small shear and the 
turbulence is approximately isotropic. A monopole 
source was assumed at the position obtained by tracing 
back the position of maximum intensity as explained 
in Section 5. A second monopole source was assumed 
to be situated at another point further downstream, 
the position of which was estimated from the form of 
the lines of constant intensity. 
was, therefore, 


The expression used 
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A B 
(3 
P — M,, cos r°(1 — M,, cos 


where the term with suffixes | refers to the source at 
xy = 24 cm. and the other to the second source which 
When is 


measured in centimeters, the values of the parameters— 


was placed 55 em. further downstream. 


in db. relative to | u-bar—are 


A = 42.2 M,, = 0.52 
B = 40.9 db. M., = 0.13 


The Mach Numbers of convection are very close to the 
measured Mach Numbers on the axis at the two source 
positions: 0.14 + 0.04 and 0.514. This agrees with 
the radiation being like that of a monopole source (pro- 
duced by three mutually orthogonal longitudinal 
quadrupoles) which we should expect from the absence 
of shear on the axis. The theoretical expression lies 
within 3 db. of the observed intensity for all values of 
3. The theoretical expression has a maximum at 
3 = 0°, however, and the observed field falls off as the 
axis is approached. It is possible that this loss in in- 
tensity close to the axis is due to refraction: thus, if 
the source moves nearer to the jet axis and becomes 
more monopole in character as the frequency de- 
creases, this will be accompanied by greater refraction 
effects. 

The spread of the apparent sources at this frequency 
can be shown to be due to the Doppler effect. A source 
of a given frequency radiates higher frequencies in 
downstream directions and lower frequencies in up- 
stream directions; thus measurements at a single fre- 
quency should be related to sources of different fre- 
quencies which will be in different positions. The 
source at x» = 24 cm. was found to be convected at a 
Mach Number of about 0.5 and thus the Doppler effect 
is to separate the frequencies in upstream and down- 
stream directions in the ratio of 3:1. The first term in 
Eq. (3), which represents the radiation field of this 
source, approximates to the observed field (at 1,300 
cycles ‘sec.) in the downstream quadrant. Because of 
the Doppler effect the sound intensity given by this 
term in the upstream quadrant should fit the measured 
field at a frequency of about 300 or 400 cycles ‘sec 
The sound field measured at 340 cycles ‘sec. did in fact 
lie within 2 db. of that predicted by the first term of 
Eq. (3) at angles (8) close to 180°. 

Although a fit between theory and experiment at 
this frequency is possible by considering only monopole 
sources, it is likely that lateral quadrupole radiation 
still exists but is considerably less intense than the 
monopole radiation. We will return to a consideration 
of the types of sources and their relative intensity after 
discussing the spectrum of the jet noise. 


(7) VARIATION OF INTENSITY WITH JET SPEED: 
THE EXPONENT IN fp? « 
The intensity of sound radiated from a flow field 1s 
expected to possess a marked dependence upon the 
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Mach Number of the flow; the exponent in the rela- 
tion 


p? « M" (4) 


js of the order of 8. When the source of sound is con- 
yected with a Mach Number .\/,, 2 will depend upon 
V, and the direction of radiation of the sound. The 
exponent may be expected to depend upon frequency 
and jet speed since it has been shown that ./, is a 
function of these parameters. It is important to notice 
that » is determined from the manner in which p* 
varies with J at constant frequency. The manner in 
which the acoustic power output of the jet varies 
with jet speed at constant Strouhal Number is con- 
sidered in Section 8. 

If it is assumed that the sound reaching the point of 
observation comes from a single region and that the 
sources in this region are convected with the same 
speed, we may write 

(5) 
— AM, cos 
where m is the value of m when 3 = 90° or when \/, = 
0, and f(#}) depends upon the type of source. The ex- 
ponent # is given by 


n= log log M=m-+ 
cos d (1 — AM, cos d)] (6) 


where k = O log log MW, which was found (Section 
6) to be equal to unity at 8,500 cycles ‘sec. If we put 
nm — m = a and m — nyo = 6 then it may easily be 


shown that 


= (a — + BD) (7 
k = (ab 3)(a — b) 


The values of » were determined from the slopes of 
curves relating the sound pressure (in db.) to the 
logarithm of 7. Measurements were made in the 
radiation field at various angles, at a fixed distance 
from some point on the axis, and over the whole jet- 
speed range. This point was chosen to be within the 
range of source positions, but since the source position 
changed with jet speed, some error was introduced by 
The curvature of these plots was in 
In a range of logy AJ of 0.1 
The values 


this procedure. 
most cases not great. 
there were from 2 to 4 experimental points. 
of n were determined without applying a correction for 
The accuracy of the values of 
A qualitative 


the reverberant sound. 
n was estimated to be about +0.3. 
comparison between theory and experiment is all that is 
It was found that » depended upon direc- 
tion, frequency, and jet speed. At a constant fre- 
that is, when only direction was 


possible. 


quency and jet speed 
varied—the greatest range of n observed was 4. The 
values of m determined in all the experiments varied 
between 4.3 and 10.3. 

In all cases m decreased as the angle J increased. 
lf, however, a theoretical curve, [Eq. (6)] was made to 
fit the observations over the range ) < 9 < 90° it fell 


A 
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TABLE 2 


Frequency at which .\/, is greatest 


V (downstream radiation) cycles/sec 
0.794 4,000 
0.631 2,600 to 4,000 
0.501 1,300 to 2,600 
0.398 S30 to 1.300 


below the experimental points in the range 90° < 
3’ < 180°. This is not surprising because it was found 
(Section 6) that the source responsible for the pre- 
dominant radiation in the downstream quadrant only 
contributed a small amount to the upstream radiation. 
It can now be inferred from this behavior of ” that the 
source responsible for the predominant radiation in the 
upstream quadrant is convected with a much lower 
velocity for the high as well as the low frequencies. 

Eq. (6) shows that the variation of » with frequency 
and jet speed may be considered in two parts. The 
variation of m with jet speed was not systematic, and 
its variation with frequency was found to be fairly well 
represented by 

m = logy N + 3.1 (8) 
where .V is the frequency in cycles sec. The manner 
in which the variation of » with angle depends upon 
frequency is determined by the frequency dependence 
of k and J, (see Eq. 6). Since it was found that k = 1 
for radiation in the downstreain quadrant at 8,500 
cycles sec., the variation of 1/, with frequency may be 
deduced if we assume that k is independent of fre- 
The difference in the value of m at 0 and 90° 
At a given 


quency. 
is an indication of the magnitude of J/,. 
jet speed this difference was found to possess a maxi- 
mum value as the frequency was varied. The rough 
positions of these maxima are tabulated in Table 2. 

The values of for the different frequency bands were 
spread over a larger range at the higher jet speeds. 
This is probably due to ./, being spread over a wider 
range. 

The values of » determined from wide frequency- 
band measurements were in agreement with the aver- 
age properties of the values of m determined in narrow 
The values of n varied between 5.5 
9 


frequency bands. 
and 8.5. The determined values of m lay between 6. 
and 6.8; the value 6.5 corresponds, by Eq. (S), to a 
frequency of 2,500 cycles sec. which is consistent 
with the value deduced from #,,,.,. in the wide and nar- 
row frequency-band measurements given in Table 1. 


(S) Acoustic POWER OUTPUT OF JET 


The spectrum of the radiated sound is of little signifi- 
cance unless it is referred to the integrated energy. 
Since the sound field possesses highly directional prop- 
erties, the spectrum measured at one point in the sound 
field may be quite different from that measured at 
another point. Similarly, comparison of results of 
different workers is more likely to be informative when 
referred to the integrated acoustic output and may in 
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TABLE 3 
Values of Exponent in p « 17" Determined at Constant Strouhal 
Number, Averaged over Mach Number Range 
0.5 0.6 O 0.8 0.9 1.0 


7 
tie 6.4 


0.1 0.2 0.3 0.4 
mn 8.0 756 5 4 


fact be misleading if measurements at dissimilar posi- 
tions are compared. 

The acoustic power output (P) may be defined by the 
expression 


4rr? 
P= sin dd = (p?) (9) 
0 polo 


where (p*) is the average of the mean square sound 
pressure over the surface of a sphere of radius r sur- 
rounding the source. The computed value of ()*) 
yas corrected by subtracting the reverberant sound 
level, thus giving the free-field value (p*)o. 

It was found that the integrated sound pressure could 
be represented by 


(p?)o M" (10) 


where ”; depended but little upon 1/. This is illus- 
trated in Fig. 11. The curves for different frequencies 
as shown here bear no relation to one another; they 
have been plotted solely to show how well a straight 
line may be fitted to the points. The slopes of these 
lines (i.e., the values of #,, where the bar denotes an 
average over the Mach Number range) have been 
determined numerically and are plotted in Fig. 12. 
The values of 7, determined in a wide frequency band 
lay between 7.0 and 7.4 which again correspond to a 
frequency between 2 and 3 ke. sec. The limits at- 
tached to the points indicate the magnitude of the root 
mean square deviation of the ,; values averaged to 
produce 7. The wider the limits shown the more the 
curve deviates from a straight line. This departure 
from linearity may be attributed to the variation of 
AM, with 1. The variation of 7, with frequency may 
be accounted for by the change of 1/, with frequency. 

The values of acoustic power output were also plotted 
as a logarithmic function of jet speed at constant 
Strouhal Number. The number of points on these 
curves was restricted by the number of frequency bands 
investigated, and thus the values of m, determined were 
subject to larger error. The dependence of m, upon .\/ 
was about the same as when it was determined at con- 
stant frequency. The values of #, determined by 
fitting the best straight line to the logarithmic plots 
are tabulated in Table 3. The exponent is seen to de- 
crease with increasing Strouhal Number and is fairly 
well represented by 


(11) 


The variation of 7, could be partly accounted for by a 
variation of /, with Strouhal Number or entirely by 
Lighthill's suggested mechanism of acoustic radiation 
damping which is discussed in Section 10. 


(8.1) SPECTRUM OF JET NOISE 


The spectrum of the acoustic power output of the 
jet per '/; octave frequency band is shown in Fig. 13. 
Since this noise intensity is proportional to the product 
of turbulent fluctuations, the broadness of the spec- 
trum was expected. There is no noticeable change jn 
the frequency of maximum power with jet speed. 
This may be partly due to the extreme flatness of the 
spectra. Lines passing through the points where the 
power is 3 db. below the maximum indicate the spec- 
tral width. They show that the width increases with 
decreasing jet speed. As the parameter of importance 
in determining aerodynamic sound spectra is_ the 
Strouhal Number, it was expected that the frequency 
of maximum power would be proportional to the jet 
speed. This anomaly would be partly removed if 
\/, did not depend upon frequency. If such was the 
case, the only variation of the exponent 7”, with fre- 
quency would be due to the frequency dependence of 
m. The exponent m increases monotonically with fre- 
quency (Eq. 8) whereas 7 has a maximum at 4 ke. see. 
It is because 7; possesses a maximum at the frequency 
of maximum power output that the latter is inde- 
pendent of jet speed. It must be stressed that this 
mechanism does not entirely account for the constancy 
of the frequency of maximum power output and that 
it is also necessary to consider Lighthill's suggestion of 
the mechanism of radiation damping. The spectrum 
of the jet noise related to Strouhal Number is shown 
in Fig. 14. Again the spectrum is extremely flat and 
there is evidence that the peak moves to higher fre- 
quencies with decreasing jet speed whereas it is expected 
to be independent of jet speed. This shift to higher 
frequencies follows from Eq. 11. The flatness of the 
spectrum shows why the measurements in the fre- 
quency band from 30 to 10,000 cycles, sec. correspond 
to a frequency (ca. 3,000 cycles sec.) only a little less 
than the frequency of maximum intensity (4,000 
cycles sec.). 


(9) Acoustic EFFICIENCY 


The efficiency of a quadrupole source as a producer of 
sound is known to be very low. It is much lower than 
that of monopole and dipole sources and is also a fune- 
tion of the wave length of the radiation as was ex- 
plained by Stokes." The acoustic efficiency in a given 
frequency band is defined as the ratio of the acoustic 
power output in this frequency band to the rate of ex- 
penditure of mechanical energy required to produce it. 
The mechanical energy is taken as the kinetic energy 
flowing per second from the jet pipe orifice, and thus 
the efficiency (y) is given by 


7 = p? sin ddd (12) 


The acoustic power output may be represented by Eq. 
(10), and thus the efficiency must satisfy the relation 


n = FM™-3 (13) 
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‘The function F 
It increases 


where F is a function of frequency. 
is plotted against frequency in Fig. 15. 
approximately as the square of the frequency at fre- 
quencies below about 2 ke./sec. and possesses a maxi- 
mum at about 4 ke./sec. The relation F a N?® is indi- 
cated by a dashed line. The points in Fig. 15 were 
determined from the mean of the values of F at 6 or 7 
jet speeds. The r.m.s. deviations are indicated by the 
limits attached to the points. Wide frequency-band 
measurements, of course, gave a value of 7 much in 
excess of the '/; octave frequency-band measurements. 
For the same jet pipe the result was 


n = 1.0 X 107-4 (14) 


When the pipe length was increased from 36 diameters 
to 54 diameters, the resulting efficiency was 


n = 2.0 107-4 (15) 


which indicates that the flow at the orifice of the pipe 
used in the bulk of these experiments was not quite fully 
developed turbulent pipe flow. 


(10) Discussion OF RESULTS 


The general character of the noise field agrees with 
that predicted by Lighthill. The intensity and acous- 
tic power output vary as a high power of the jet ve- 
locity. The main types of radiation field expected 
from Lighthill's theory are those of lateral and longi- 
tudinal quadrupoles, the latter producing, in certain 
circumstances, the radiation field of a monopole (or 
simple) source. The observed radiation field of the 
jet can be interpreted in terms of these three types of 
source as modified by the effects of convection of the 
sources. 

The types of acoustic sources and their positions in 
the jet inferred from intensity measurements can be 
related to the flow pattern in the jet. Low-frequency 
noise is produced by turbulence in the center of the jet 
where the mean flow shear is low and the turbulence is 
approximately isotropic. At these frequencies the 
noise is found to be monopole in character, which is 
consistent with the theory of Proudman' on the radi- 
ation of sound by isotropic turbulence. The low- 
frequency sources are spread over a comparatively 
long length of the jet. The increase in turbulent eddy 
size corresponding to larger noise wave length only 
partly contributes to this spreading which is also due 
to the fact that sources of different ‘‘source-frequency”’ 
radiate the same noise frequency (in different direc- 
tions) because of the motion of the sources (Doppler 
effect). 

Higher frequency noise is produced in the mixing 
region of the jet where J/, is approximately 0.4 1: 
the mixing region may be considered as a kind of vor- 
tex layer in which eddies travel downstream with 
roughly half the jet speed. Due to shear the sources 
are lateral quadrupoles. Longitudinal quadrupole 
sources with their axes perpendicular to the jet are 
also present at these frequencies. 


1956 


SEPTEMBER, 


At the very highest frequencies’ radiation is pre. 
dominantly perpendicular to the jet which sugges 
longitudinal quadrupole sources. These are produce; 
by rapid fluctuations in the radial component of th 
turbulent velocity which are evidently connected wit} 
the flow of atmospheric air into the mixing region 
Rapid fluctuations in the inflow are produced nea; 
the orifice where the turbulent eddies are small. 

The convection of the noise sources has a considerable 
effect upon the radiated noise field producing, 
Lighthill has explained, a preference for forward emis. 
sion as well as complicating frequency relations by th 
Doppler effect. For a stationary source, the exponent 
n in the relation p? a MJ” does not depend upon direc. 
tion; but for a moving source, values of 7 in the down. 
stream direction are greater than those in upstream 
directions by an amount depending upon J/,: _ this 
amount is as much as 4 at some frequencies. The 
value of n determined at 3 = 90° is uninfluenced by the 
motion of the source and is found to lie between 6.5 
and 7.0. Lighthill’ has suggested that the decrease 
from the theoretical value of S may be due to the fact 
that the growth of turbulent energy in the mixing 
region suffers acoustic radiation damping at the higher 
Mach Numbers. He suggests also that the effect 
should be greatest at the higher Strouhal Numbers, 
which is found to be the case (see Table 3). The change 
in shape of the spectrum of the acoustic power output 
with changing speed is governed by the dependence of 
ft, upon frequency, where 7, is the exponent in the rela- 
tion P a \/" and the bar denotes an average over the 
range of \/ investigated. The fact that 7, possesses 
a maximum at 4 kce.’sec. corroborates the finding 
that the spectrum of acoustic power output also pos- 
sesses a maximum at + ke./sec. which is independent 
of jet speed. It is a fundamental assumption of the 
theory that frequencies should depend upon the value 
of the Strouhal Number (Nd / ay). If the sources of 
noise were not convected (1/, = 0), the frequency o/ 
maximum power output (V,,9;.) would increase with 
increasing jet speed; a further factor must, however, 
be included before the relation N,,,,. @ MW is obtained. 
This factor, which would be mainly responsible for the 
constancy of NV,,.;, is the acoustic radiation damping 
suggested by Lighthill and referred to above. 

Further evidence that the sources of sound are 
quadrupoles comes from the extreme smallness of the 
acoustic efficiency of the jet. Over a wide frequency 
band this is found to be of the order of 10~* J/*°. 

It appears from this qualitative comparison of theory 
and experiment that Lighthill's theory of aerodynamic 
sound is valid. A quantitative verification of the theory 
requires measurements of the turbulent structure ol 
the jet. 
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Inelastic Column Buckling’ 


L. HANNES LARSSON?# 
Finland Institute of Technology 


SUMMARY 

In this paper the inelastic buckling process is examined rigor- 
sly in order to compare the maximum load with the tangent 
modulus and reduced modulus loads. First, the results of the 
analysis of the idealized H-section column which was carried out 
according to Duberg and Wilder‘ are presented as large graphical 
tables. The material properties are defined by Ylinen’s analytical 
stress-strain law.6 Then an exact theory of the centrally com- 
pressed, initially slightly curved column is developed. An ap- 
proximate method of solution based on the assumption that the 
deflection curve is a half sine wave is proposed and illustrated 
in a numerical example for a straight column. The results show 
that the tangent modulus theory in most cases, and, particularly, 
in the most important cases, vields a better approximation for the 
maximum load supported by a centrally loaded initially straight 
column than does the reduced modulus theory. 


INTRODUCTION 


I’ 1947, F. R. Shanley showed that the classical re- 
duced modulus theory of the inelastic column buck- 
ling does not give all possible equilibrium paths of a per- 
ject column.! According to Shanley, the lowest load 
at which a bifurcation of equilibrium positions can 
occur—if the axial load is allowed to increase during 
the transition from the initial straight configuration to 
a slightly bent configuration—is given by the tangent 
modulus formula. When the tangent modulus load is 
exceeded, there will be, near the convex side of the 
column, a region where a decrease of strain corresponds 
to an increase of axial load. The region of strain re- 
versal begins at the outer fibers of the mid-section and 
spreads toward the interior and the ends of the column 
as the load increases. Of course, such a region of strain 
reversal will be produced also in eccentrically loaded 
columns and columns with initial deflections, at least 
if the imperfections are small. The reversal of strain 
then occurs even before the tangent modulus load has 
been reached. 

To treat the above process mathematically is very 
dificult. For columns with an idealized H-section, 
Duberg and Wilder have developed an approximate 
method of solution.* They showed that the maximum 
load of a perfect H-section column in most cases remains 
closer to the tangent modulus load than to the reduced 
modulus load. Columns with general cross sections 
have been treated approximately by Tung-Hua Lin? 
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* This paper is a condensation of the author’s diploma work at 
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author wants to express his gratitude to Prof. P. Laasonen of the 
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* Master of Science in Mechanical Engineering. Now asso- 
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and C. E. Pearson.’ In the following, a general theory 
of the behavior of an inelastic column will be presented. 
The column is assumed to be centrally compressed but 
initially slightly curved. An approximate method of 
solution, based on the assumption that the deflection 
curve is a half sine wave, is developed. The material 
properties are defined by Ylinen’s analytical stress- 
strain law.® Ylinen’s stress-strain function is briefly 
accounted for, and it is used in the analysis of the 
idealized H-section column according to Duberg and 
Wilder. 


THE IDEALIZED H-SECTION COLUMN 


The mathematical treatment of the buckling process 
of columns according to the principles of Shanley men- 
tioned in the Introduction is very complicated, as 
shown by previous investigators.” * An exceptional 
case is the column with an idealized H-section for which 
Duberg and Wilder have developed an approximate 
method of solution fit for use with any desired degree 
of accuracy. Duberg and Wilder defined the material 
properties by the Ramberg-Osgood stress-strain rela- 
tionship. The writer made a similar investigation in 
his diploma work using Ylinen’s stress-strain function® 


= (1/E) }co — (1 — ©) log [1 — (1) 


where ¢ signifies the compressive strain, ¢ the compres- 
sive stress, and / Young's modulus of elasticity. For 
simplicity, compressive stresses and compressive strains, 
which are considered as positive quantities, are de- 
scribed simply as stresses and strains in the following: 
The free parameter c in Eq. (1) counts for the form of 
the stress-strain curve, c < | (see Fig. 1). Whence = 1, 
Eq. (1) changes to Hooke’s law. Values of ¢ = 0.98... 
0.99 correspond to high strength steels, whereas, for 
Finnish pine wood, ¢ = O.S75 on an average. a» 
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Fic. 2. Maximum load of H-section column compared with 
reduced modulus load and tangent modulus load as a function of 
br = o7r/oo = Pr/A ow. 


signifies that value of the stress at which (for the first 
time) the stress-strain curve becomes horizontal. For 
materials with a pronounced yield point o = oy >, 
and for materials which have no clear yield point a 
should be replaced by the ultimate strength. The ex- 
pression of the tangent modulus is obtained from 
Eq. (1). 


Er = da/de = E[(ao — @)/(a0 — co)] (2) 


The deflection curve of the column was expressed 
by a finite series of m odd sine terms, the coefficients 
of which were solved, for each value of the column load, 
from a system of transcendental equations obtained by 
satisfying the proper differential equation at m equi- 
distant stations on the half column length. There are 
two differential equations, the one applying to stations 
at which the stress in the outer flange is continually 
increasing, the other to the reversed part of the column 
and depending on the maximum value of the outer 
flange stress. Therefore, it was necessary to proceed 
stepwise in the solution. It turned out that the ap- 
proximation of the deflection curve by one single sine 
term gave a satisfactorily accurate value for the maxi- 
mum load P,,,,, of the column. The solutions obtained 
with two and three sine terms in the expression of the 
deflection curve were already almost identical. Duberg 
and Wilder arrived at similar results by making use of 
the Ramberg-Osgood stress-strain law. 

On the basis of the above results, the maximum load 

was calculated by assuming the deflection curve of the 

column to be a half sine wave, varying systematically 

the form of the stress-strain curve (c) and the ratio 

br = Pr/ A oy = or ov, where Pris the tangent modulus 

load and A the cross-sectional area of the column. 

Small values of pr correspond to slender columns, values 

of pr near unity to short columns. For each value of 

c and pr the resulting transcendental equation between 

the column load P and the deflection a at the middle of 


1956 


the column could easily be solved for P, and so th, 
maximum load Py»: was calculated. In order to com 
pare the maximum load with the tangent modulus Joa¢ 
P, and the reduced modulus load Px the ratio (P 
Py) (Pr — Pr) was calculated in each case. 
sults are given graphically in Fig. 2. 

With a given P;, Pg can be computed as follows 


mar 


The re 


The equations 
Pr = [((WE A h*)/(4 L*)] (1 — pr)/(1 — pr)] 
Pr = [((WEAh*) (4 L*)] (1 


where L is the column length, / the depth of the cross 
section and 7 the value of -; F as defined in Eq. (2 
corresponding to the stress eg = Pr A, yield for pz = 
P, (A oo) the second degree equation 


(1 + — 241 + — pr) — pr) | pe + 
2 prl(l — ¢ pr)/(1 — = 0 (5 


Fig. 3 shows the ratio (Pg — Pr)/Pr as a function 
of pr for different values of c. From Fig. 2 it is seen 
that, for values of p7 near unity, the maximum load will 
remain nearer to the tangent modulus load than to the 
reduced modulus load. The dotted curve in Fig. 3 
gives the limiting cases when the ordinates of Fig. 2 
are equal to 1/2. On the right-hand side of the dotted 
curve Pynqz is nearer to Py, on the left-hand side nearer 
to P,. All maximum points of the curves in Fig. 3 lie to 
the right of the dotted curve, and hence P,,.; is close to 
the tangent modulus load. If, for instance, c = 0.9, 
the value of p7 corresponding to (Pra: — Pr)/(Pe —P) 
= 0.5 is approximately 0.64. For smaller values of p; 
the stress-strain curve in Fig. 1 practically coincides 
with the straight line given by Hooke's law. Thus, 
from this investigation, we can draw the conclusion 
that the tangent modulus theory in most cases, and in 
the most important cases, gives a better approximation 
for the maximum load supported by an idealized H- 
section column compressed in the inelastic range than 
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Fic. 3. Ratio (Pr — Pr)/Pr for H-section column as a fune- 
tion of pr = or/oo = P7/A oy. The ordinate should vary from 


0 to 0.10 and not from 0 to 1.0 as marked in the drawing 
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Fic. 4 
the reduced modulus theory. This statement is in 
agreement with the results of Duberg and Wilder. 
However, Fig. 2 shows appreciable differences compared 
with the corresponding curves obtained by Duberg and 
Wilder. This comes evidently from the different signifi- 
cation of constants in Ramberg-Osgood’s and Ylinen’s 


stress-strain laws. 


MATHEMATICAL ANALYSIS OF THE CENTRALLY 
COMPRESSED COLUMN 


Let us consider a centrally compressed column of 
constant cross section with hinged ends. For simplic- 
ity, only bending in the principal plane perpendicular 
to the axis of least moment of inertia is discussed. 
The deflection is denoted by y (see Fig. 4), and the axial 
coordinate x is measured from one end along the line 
of action of the forces P. The cross-sectional proper- 
ties are area A, width perpendicular to the plane of bend- 
ing b, and depth h. The width ratio, b/d), where the 
reference width b, can be chosen arbitrarily, is, in 
general, a function of the distance ¢ measured from the 
extreme fibers on the convex side. Our purpose is to 
show how the column behaves under increasing load, 
and especially to determine the maximum load. 

In order to make the equations nondimensional, 
the following notations are introduced: 


g=2x/L, f = y/h, u = t/h 


6) 
e= Ee/a, p = pe = = P 


where oy is one of the constants in Ylinen’s stress-strain 
law, Eq. (1). In the last of Eqs. (6), o, signifies the 
average stress P/A and p, the nondimensional average 
stress. The following basic assumptions are made: 
(1) planes perpendicular to the column axis before 
loading remain plane and perpendicular, and (2) at 
each fiber the relationship between stress and strain 
is the same as in simple compression and tension tests. 
From the first assumption it follows that the strain dis- 
tribution across the column depth is a straight line, 


= + — (7) 


where e; and e» denote the nondimensional strains in 
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the outermost fibers on the convex and the concave 
sides of the column, respectively. The unknown quan- 
tities ¢; and ¢. are considered as functions of 2 and p,. 

In considering the stress-strain relationship in a 
particular cross section we have to distinguish two dif- 
ferent zones--one where the strain is continually in- 
creasing with increasing axial force, and the other near 
the outer edge of the cross section where the strain is 
decreasing after having reached a certain maximum. 
Fig. + shows how the width of the reversed zone 1s sup- 
posed to vary along the column length under a given 
value of the load. As long as the strain is continually 
increasing, the stress will be given by the stress-strain 
curve, while in the reversed zone a different law is fol- 
lowed. After the maximum value of the strain has 
been reached, the stress decreases according to the 
elastic modulus, da = Ede, or dp de. Ata fixed 
value of ¢ the strain distribution lines of Eq. (7) depend 
on the parameter p,. Fig. 5 shows a part near the outer 
edge of the cross section of the strain distribution lines 
corresponding to some values (P,1, Pes, ) of the non- 
dimensional axial load. The abscissa 7 of the tangent 
point A of the envelope of the strain distribution lines 
and the strain distribution line corresponding to the 
nondimensional load p,; (Fig. 5) gives the nondimen- 
sional width of the reversed zone under this value of 
the load, and the ordinate e, of point A gives the maxi- 
mum value that the nondimensional strain can reach at 
the distance 7 from the outer fibers in the cross section 
under consideration. The parametric representation 
of the envelope is expressed by the two following equa- 
tions: 


2) + ulelp., 2) — — e =O (8a) 

e\(p,, 2) + u 3) — 2)] = O (Sb) 
Op. 


Solved for u, Eq. (Sb) gives 7(p,, 2); this expression, 
inserted in Eq. (Sa), yields e,(p,, 2): 


(Ya) 


r= — } ‘Op-) Op.) — | 
= + — = e,(r) (9b) 


In a particular cross-section, strain reversal will occur 
ifr > 0. 


Pei 


Fic. 5. Envelope of strain distribution lines 
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TABLE 
Expressions of e; and e. forc = 0.9, p. = 0.8 
Range é, and in the Mid-Section of the Column The 
< 0 805 = 0.880944 — 78.92 (p, — 0.8)? 
0.800 S Pe & 9.800 er = 0.880944 + 2.8 (pe — 0.8) 87.08 (p- — 0.8)? 
< = 0.878971 — 0.7892 (p. — 0.805) — 47.16 (p, — 0.805)? 
0.805 be & 0.810 = 0.897121 + 3.6708 (p. — 0.805) + 62.84 (p. — 0.805)" 
< = 0.873846 — 1.2698 (p. — 0.810) — 123.28 (p. — 0.810)? 
& & 0.810 = 0.917046 + 4.2992 (p. — 0.810) + 150.72 (p. — 0.810)? 
‘ é, = 0.86446 — 2.4936 (p. — 0.815) — 233.28 (p. — 0.815)? 
< 
0.815 S pe 0.820 = 0.94231 + 5.8064 (p. — 0.815) + 305.92 (p- — 0.815)? 
= 0.84616 4.8264 (p. — 0.829) — 1174.3 (p. — 0.820)? 
299 
0.820 0.822 = 0.97899 + 8.8656 (p. — 0.820) + 1524.2 (p. — 0.820)? Frot 
= 0.83181 — 9.5236 (p. — 0.822) — 3405 (p, — 0.822)? whe: 
0.822 pe & 0.8226 = 1.002818 + 14.9624 (p. 0.822) + 4496 (p. — 0.822): 
tion 
Let p = S(e) signify the compressive stress-strain ) 2 4 l The 
diagram of the material. Furthermore, denote by /; ~ £6 po quir 
the nondimensional stress in the reversed zone and by (4h/L?) (0? f/0z") S L 
the nondimensional stress in the remaining part of 3. (2 h/L) (of/dz) (17 can 
the cross section. From the above statements it oo sine 
follows that = 
' ‘ Eqs. (11) and (17) define the solution of the problem 
(OS u Sr) pi = Sfe(u)] — fe(u) — represented by the functions ¢(p,, 2) and e(p,, 2). 
fe: + u(es — (10a) The quantities f, pi, p2, 7, and involved in these equa- 
: tions are, however, connected to each other and to the ie 
1) bo = fe (€2 — (10b) 
Ps variables p, and z in a rather complicated manner as cond 
The equations of force and moment equilibrium will can be seen from Eqs. (9a), (9b), (10a), (1Ob), and (13). 
read 
by h r 11 AN APPROXIMATE METHOD FOR THE INITIALLY 
by h y b As long as the strain on the convex side of the mid. | L 
pPejJ = ry { (Pi — Pc) 5 du + section of the originally slightly curved column is con- be « 
tinually increasing with increasing average stress the | 4: 
| (ps — pe) b u du | (12) deformations can be found as follows. On the basis of 
: . . 
r bo Eq. (15) and the known compressive stress-strain dia- 
Eq. (12) eats the ; gram of the material a family of curves is constructed iron 
iq. (12) we obtain the expression 
yrom Sa. P which gives the relationship between the curvature 
by h r h 1/p and the eccentricity y = fh of the axial load, the 
(Pi — Pe) du + nondimensional average stress p, being a parameter. }Y 
‘ i These curves make it possible to find the deflection 
{ (p2 — Po) 5 udu (13) curve of the column for different values of /, using , 
r - some graphical or numerical method of integration, as a 
thie von Karman has shown.® Thus also e; 2) and 
Let us assume now that the column has a small €: (Pe 2) are found up to th at value ot Pp. by which ¢; . 
initial deflection, denoted by yy = ye(x) or fy = fo(z) begins to diminish in the mid-section. After the oc- 
‘Tike then currence of strain reversal the above-mentioned method toll 
re fy = Vo/h. > 
does not give the correct result, but then Eqs. (11) 
1/py = —(4h/L?) fo/dz? (14) and (17) must be used. 
The radius of curvature is here considered positive Since, in the case of the originally curved column, “2 
mig the real difficulties begin only after the strain reversal 
when the column is bent in the positive direction of the ae : : ; min 
has begun on the convex side, the following theory will 
y-axis, as in Fig. 4. From geometrical considerations, sloy 
consider only originally straight columns for which 
yvo(xX) = 1/po = 0. Such columns will remain straight 
1/p = (o0/E) [(e2 — e1)/h] + (1/po) (15) until the axial load has reached the tangent modulus | 
yar 
ie value. The treatment of initially curved columns after | 
On the other hand, the expression for the curvature is strain reversal has occurred would not contain any es | 
| (4 h/L?2) (02 f/d 2?) sential increase of difficulties. The cross section is as- 
/ Jf od . 
+ [(2 h/L) (f/ds) (16) sumed to be rectangular for simplicity. 
Eq. (11) of the equilibrium of axial forces reads, for the 


The two previous equations yield 


the rectangular cross section, 
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| pdu = pidu + | podu (18) 


The nondimensional deflection is obtained from Eq. 


p — p-judu 

(19) 

lf ¢ 

(pi — p.)udu + | (po — pe) du 


p 
From the geometrical condition, Eq. (17), it follows, 
when the right-hand side is linearized for small deflec- 
tions, 


= —(L?/4h?) (o0/E) (e2 — & (20 


The unknown functions e(p,, 3) and 2) are re- 
quired to satisfy Eqs. (1S) and (20). 

Let us suppose now that the deflection of the column 
can be approximated with sufficient accuracy by a half 
sine Wave, 


f =f, sin (x/2)z (21) 


where /,, signifies the deflection of the middle of the 
column divided by the depth of the cross section. Ac- 
cording to Eq. (20) the difference e: — ¢, is then, also, 
sinusoidal, and it will be sufficient to consider its value 
( — )m in the mid-section of the column. From Eq. 
20) it follows 


h?)] (e2 — e1)m (22) 


Let the compressive stress-strain curve of the material 
be expressed by Ylinen’s stress-strain function [from 
Eq. (1) ] 

e = P(p) — c) log (1 ») 
from which 


dp/de = E7y/E=n7(p) =A—p)/A—cp) (24) 


$v making use of the tangent modulus formula 


br = Eh*)/(12 L*) |n(pr) (=9) 
Eq. (22) can be written 
— pr) [12 pr (l — pr) (€2 — (26) 


To find a first approximation for the solution, the 
iollowing method is proposed. The curves describing 
¢; and e, in the mid-section of the column as functions 
of the nondimensional average stress p, are approxi- 
mated in the ranges (pr, Per), (Per, Pez) ete. (see Fig. 6), 
by convenient analytical expressions which are deter- 
mined in the way that the curve parts have the same 
slope at the connection points pa, Pea, ete., and that 
Eqs. (1S) and (26) are satisfied at these points. Cal- 
culations become very simple by assuming the curve 
parts to be parabolic. 


A NUMERICAL SOLUTION 


In order to illustrate the above-mentioned procedure, 


the numerical solution in a typical case of the inelastic 


Pr Pes Pea Pes 


080 061 082 


Fic. 6. Strains on convex and concave sides of column mid- 


section as functions of nondimensional average stress p- = o,, 09 = 
PA fore = 0.9, pr = 0.8 (rectangular cross section) 


buckling, with the values of ¢c = 0.9, pr = O.S, is given 
here. Table 1 shows the chosen ranges of p, and the 
obtained equations of the nondimensional compressive 
strains on the convex and concave sides of the mid- 
section of the column. The result is plotted in Fig. 6. 

Let us consider the range 0.S < p, S 0.805. For 
values of p, smaller than pr; the column remains 
straight that is, ¢; and ¢: are given by the inverse 


stress-strain function e = ®(p,). For p, = pr = 0.4, 
Eq. (23) yields (with ¢ = 0.9) = = O.SSO944. 

At the beginning of the bending, (d e,/d p,) = O in 
the column mid-section. When p, exceeds the tangent 


modulus value py by an infinitely small amount Ap 
the stress distribution across the column depth is a 
straight line. The increase of strain at the middle of 
the cross section is Ap,/n(pr). The increase of strain 
at the concave side of the cross section is then equal to 
2[Ap./n( 
at p. = pr is two times the slope of the inverse stress- 


Thus the slope of the curve ¢, €2(P-) 


strain curve ¢ = (/,) at this point (see Fig. 6). The 
initial conditions of the buckling process have been 
derived more rigorously by Duberg and Wilder.* For 


pe = pr 0.8, the slope of the stress-strain curve 
e = is [from Eq. (24) ] 
1-09 XK OS 
= = 1.4 (27 ) 
n( Pr) 1 — 0.8 
and the slope of the curve ¢: = ¢@(p,) is equal to 2.8 
(see Fig. 6). 

From the conditions at p, = 0.S it follows that the 
assumed parabolic expressions of ¢; and e: for 0.S S 
p. take the form 
= O.NSSO944 — adj (p, — ().N)- (28a 
= 0.880944 + 2.8(p. — 0.8) + ao(p, — 0.8)? (28b) 
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‘ 
as On the other hand, Eq. (26) yields 
m =f x 
| | X — X GS) 
0.018150 = 0.001350. (3) 
Thus, Eqs. (IS) and (26) are satisfied. 
- The above-mentioned method of trial and error jp 
calculating the coefficients of the second degree terms 
080 08! 082 of e; and was briefly as First, a, in Eq 
(28a) was chosen arbitrarily (a;’) and several values 
hic. 7. Width of reversed zone in column mid-section as a were given to a». With each of these values and a,' 


function of nondimensional average stress = = P/A oa 


for¢c = 0.9, pr = 0.8 (rectangular cross section) 


The coefficients of the second degree terms have to be 
determined by trial and error so that Eqs. (18) and (26) 
are satisfied for p, = O.S05. Here it is shown that 
Eqs. (1S) and (26) are satisfied for p, = 0.805 by the 
expressions appearing in Table 1. 


For the calculation of the stress distribution the 
envelope of the strain distribution lines has to be known. 
Eq. (9a) yields the nondimensional width of the re- 
versed zone in the mid-section of the column, r = 0.177. 
In particular, e, corresponding to ry = 0.1 is found by 
trial and error by varying the parameter p, in Eqs. 
(9a) and (9b); the result is e,(0.1) = O.S8S1259. Table 
2 shows the calculation of the stress pattern in the 
mid-section of the column for p, = 0.805. The cross 
section was divided into ten equal intervals. Detailed 
calculations proved that this was suflicient even for 
higher values of the average In order to 
facilitate the calculation of values of p corresponding 
to given values of e from the stress-strain curve a table 
was prepared to permit interpolation. Columns S 
and 9 in Table 2 give the coeflicients for the use of 
The result is 


stress. 


Simpson's rule for Eqs. (18) and (19). 


the stress pattern in the mid-section of the column was 
calculated. Then, in general, the average stress of this 
stress pattern, obtained from Eq. (1S), differed from 
the value 0.805 by an amount 34;. The value a,’, for 
which A, = 0, was accepted as a couple for a,’. With 
and ay’, f, was calculated from Eq. (19). In 
general, this /,, differed from the value given by Eq. 
(26) by an amount A,. Now another value a," 
given to a; and the corresponding value a," of a» was 


Was 


found as above, so that the average value of the non- 
dimensional stress pattern was 0.805. With a," and 
a," the quantity A, was calculated again, and, con- 
tinuing in this manner, a couple of values for a, and a, 
were found for which also A, = 0. 

The inaccuracy of the above method can be clearly 
visualized from Fig. 7. The plot of the nondimensional 
width of the reversed zone in the mid-section, 7, against 
the nondimensional average stress, p,, is a continuous 
curve, but its slope changes stepwise at the junctions. 
Between these points the curve consists of hyperbolas. 
By reducing the length of the intervals of Table | 
that is, by satisfying the fundamental equations for a 
greater number of values of p,-the curve would, of 
course, become smoother. Then the results would be 
nearer to the exact solution (based on the assumption 
of a sinusoidal deflection curve). Calculations made 
at the middle of an interval, p, = 0.8075, showed that 


1 
{ (Pp — 0.805) du = 0.000000 (29) Eqs. (1S) and (26) are approximately satisfied at this 
point. The approximation made by increasing ? 
_ stepwise can be considered as not significant. 
Im = | (p — 0.805) u du As can be seen from Table 1, the above explained ap- 
Poa (30) proximate method was applied only up to the non- 
ss — dimensional average stress p, = 0.8226. After that the 
= (p — 0.805) udu = 0.001350 
O.SO05 Jo method was essentially simplified by making the as- 
TABLE 2 
Calculation of the Stress Pattern for ¢c = 0.9, pr = OS 
= 1, pe = 0.805) 
(1) (2) (3) (4) (5) (6) (7) (8) (9 
u e er S(e,) Cr — ¢ 805 
Eq. (7) Eqs. (9) (3) — (2) Eqs. (10) 
0.0 0.878971 0. 880944 0. 800000 0.001973 0.798027 006973 0 
0.1 0. 880786 0.881259 0. 800225 0.000473 0.799752 —(0). 005248 } 
0.2 0.882601 0.801182 —( 003818 2 0.4 
0.3 0.884416 0.802475 —(). 002525 
0.886231 0. 803764 001236 O.8 
0.5 0. 888046 0. 805050 +0 .000050 } 2 
0.6 0. 889861 0.806333 +(). 001333 2 1.2 
0.891676 0.807613 +0 .002613 
0.893491 0. 808890 +0. 003890 2 1.6 
0.9 0.895306 0.810163 +0.005163 4 3.6 
1.0 0.897121 0.811434 +0 006434 l 
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sumption that the nondimensional width of the reversed 
one in the column mid-section would not reach the 
value r = 0.5. This assumption seems rather justified 
fom Fig. 7. For each value of p, exceeding 0.8226 
it was necessary only to determine e; and e@ to satisfy 
Eys. (IS) and (26). Table 3 shows the results for 

= 0.823 and Pp, = 0.8234, two solutions in each case. 
The first of these solutions corresponds to increasing 
load, the second to decreasing load after the maximum 
value of the load has been reached. 

The maximum abscissa Pp, ».; of the curves in Fig. 6 
The critical value predicted by the reduced 
The interesting ratio 


1S (). S259. 
modulus theory is Pp = 0.86351. 


De mar — Pr)/(Pr — Pr) becomes 


(Pe naz— Pr)/(Pr — Pr) = 0.0235/0.06351 = 0.370 (32) 


For the H-section column the corresponding value 
(Fig. 2) is 0.556 

When the axial force has reached its maximum value 
the width of the reversed zone in the mid-section is ap- 
According to the reduced 
0.459 and constant 


proximately r = O42. 
modulus theory, it would be 7 = 


long the column length. 


CONCLUSIONS 


The above theory is based on the assumption that the 
deflection curve is a half sine wave. The solution be- 
comes very laborious if the form of the deflection curve 
is considered as unknown. However, the results ob- 
tained for the H-section column showed that the deflec- 
tion Was very near toasinecurve. The maximum load, 
particularly, calculated on the basis of a supposed sine- 


wave deflection, did not differ significantly from the cor- 


An Investigation of the Noise 


BUCE LING S73 
TABLE 5 
Values of and for p. = 0.823 and 
pe = 0.8234 in Column Mid-Section 
e,; = 0.81825 ¢, = 0.7785 
p- = 0.823 = 1.02309 = 1.0755 
e; = 0.805 = 0.793 
bp. = 0.8234 eo = 1.041 eo = 1.057 


rect solution. By extending the conclusions gained 


from the analysis of the idealized H-section column, we 


can condense the results of this investigation as follows: 
the maximum load supported by a straight uniform 


column centrally compressed in the inelastic range in 
most cases, and, particularly, in the most important 
cases, remains nearer to the tangent modulus load than 
to the reduced modulus load. Therefore, it is recom- 
mended that the tangent modulus theory be used even 


in theoretical considerations. 
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SUMMARY 


The velocity induced by the thickness of a thin infinite wing 
in a parallel flow can be calculated, at some distance from the 
wing, by linearized subsonic compressible flow theory. If now, 
a portion of the infinite wing is removed from the flow, the 
velocity at any point on the wing will be less by the velocity 
induced by. the portion of the wing which was removed. Fur- 
thermore, if the part removed is relatively far away from the 
point on the wing for which the induced velocity is being calcu- 
lated, linearized subsonic compressible flow theory is valid. 

Utilizing such a scheme, the velocity at the location of a finite 
wing can be considered as being the same as for the infinite wing, 
reduced by the amount which would have been contributed by 
the portions of the infinite wing which were removed from the 
flow. The difference in the induced velocity can be averaged 
over the area of the finite wing and the average applied as a 
correction to the free-stream velocity. At this increased free- 
stream velocity, the finite wing should have approximately the 
same pressure distribution as the infinite wing at the uncorrected 


free-stream velocity 


SYMBOLS 


= drag 
auxiliary functions 
= Mach Number 
= free-stream velocity in x-direction 
= speed of sound 
= chord of wing 
= drag coefficient 
= maximum thickness of wing profile 
= function representing strength of source-sink dis- 
tribution 
auxiliary function 
= ratio of specific heats, ¢,/c, 
= dynamic pressure 
= induced or perturbation velocity in x-direction 
Cartesian coordinates 
= V1 
= dimensionless geometric parameter 
= wing aspect ratio 
= velocity potential 
= auxiliary coordinate in x-direction 
= auxiliary coordinate in z-direction 
= thickness ratio of wing profile = d/c 
Subscripts 


0 


1 


zero streamline 

incompressible 

compressible 

infinity, far away from disturbances 
Ps partial derivative with respect to x 
A = dependent on wing profile area 


x 


ll 
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Aspect Ratio Influence at High Subsonic 
Speeds’ 


GORDON F. ANDERSON 


Brown University 


I = dependent on wing profile moment of inertia 


corr = corrected 


(1) INTRODUCTION 


 apesmeeeeg DATA have shown that a decrease jy 
aspect ratio of a wing decreases the adverse effects 
of compressibility on the wing. This paper presents 
an approximate method by which the quantitative 
effect of variation of aspect ratio can be predicted. 
Goethert® has already determined the effect of com- 
pressibility on the velocities induced by small angles 
of attack of the finite wing. Throughout this paper 
references to induced velocities refer only to the ve- 
locities induced by the thickness of the finite wing. 
At any point on the infinite wing, the velocity is 
that of the free stream far upstream plus the velocity 


induced by the presence of the wing in the flow. Ii we 
consider a finite portion of the infinite wing, which 


contains this same point at which the velocities are 
being considered, and remove from the flow the re- 
maining portions of the infinite wing, the velocity at 
that point will now be the same as for the infinite wing 
less the velocity that would be induced by the por- 
tions of the wing that were removed from the flow. _ Ii 
we assume that the decrease in the induced velocity 
does not differ greatly from point to point on the finite 
wing, it is possible to average the effect over the whole 
of the finite wing and apply the result as a correction 
to the free-stream velocity. 

The result of this reasoning is that the finite wing 
will be considered to experience the same static pres- 
siire to total pressure ratio at corresponding points as 
the infinite wing, but only when measured at a free- 
stream velocity which is greater, by the correcticn 
calculated, than the free-stream velocity over the in- 
finite wing. Schlieren pictures! of wings of different 
aspect ratio at high Mach Numbers qualitatively sub- 
stantiate the validity of this approach. Furthermore, 
a comparison with experimental drag data’ produced 
reasonable quantitative agreement. 

The justification for applying linear theory to this 
problem and expecting validity well into the transonic 
range (which is indeed necessary if drag coeflicients 
are to be compared) lies in the fact that the correction 
calculated is concerned with that part of the flow field 
for which the linear theory is valid. The point in the 
flow which is being considered may lie close to or om 
the finite wing, but the effect we are calculating is due 
to a portion of the infinite wing which is relatively far 


T 


shot 


T 


infit 


trib 
the 


to | 
gate 
tun 
| 
at 
: 
raul 
stre 
tial 
eee soul 
¢= 
> 
i 
J 
AS 
defi 
tan 
Wise 
and 
‘ ¢ = 
= 
Vv | 
| 7 


ecrease it) 
rse effects 
presents 
utitative 
‘dicted. 

t of com- 
all angles 
his paper 
» the ve 
> wing, 


‘locity 1s 
Velocity 
If we 
which 


‘ities are 

the re- 
locity at 
lite wing 


the por- 
low. Ii 
velocity 
he finite 


1e whole 
rection 


te wing 
ic pres- | 
oints as 
a free- 
rrecticn 
the in- 
jifferent 
‘ly sub- 
criore, 
“( rduced 


to this 
ansonic 


licients 


rection 
w field 
in the 
or on 


is due 
ely far 


removed from the point. This reasoning is similar 
to that used by Goethert’ in the calculation of wind- 
tunnel wall ce wrrections at high subsonic speeds. 

If experimental data are available for a given profile 
at any one aspect ratio, the performance at another 
aspect ratio may be predicted. The nonlinear char- 
acteristics of the profile are determined by the experi- 
mental data, and the effect of variation of the aspect 
ratio is a nearly linear phenomenon which is approxi- 
mated by the linear theory presented in this paper. 


LINEAR THEORY 


The potential of a finite wing at zero lift in a free 
stream of velocity LU’. can be represented by the poten- 
tial of the free-stream velocity plus the potential of a 
source-sink distribution. 


x 
» 47 


didg — EF (2 (1) 


The strength of the source-sink distribution g(£, ¢) 
should be such that the zero streamline 


= 1 
vo 3) 
—-A 
yy = everywhere else 


defines the boundaries of the finite wing. 

With the assumption that the wing is a straight rec- 
tangular wing with constant airfoil section in the span- 
wise direction 


vo = yo (x) in theinterval (—A (3) 


The linearized distribution then becomes 


Yor = 2U, vo’ (4) 


e(x, = 2U 


and, therefore, 


+1 +A 
J —X 


Vo didé 


(5) 
4a V (x — &)? + + — 


The above potential can also be represented by an 
infinite (in the spanwise direction) source-sink dis- 


tribution less the part of the distribution which lies in 
the intervals (— © <s< —Ajand (A <s< 


Us, f = 
Ag 
V(x — &)? + y? + (2 — -1 J -a 


\ fe 


letting 


then 


+ 1 yy’ 
—In V (x — &)° 
us 


F(X, X,Y, (S) 


+ y? dé + 


The velocity, at any point on the wing, in the free- 


stream direction will then be 
+ + UaFAA, 2) (9) 


+ F(A, x, y, + m=, (10) 


ll 


or u 
If the average value cf F,(\, x, vy, 2) can be found 
u = FAN] + (11) 


The finite wing and the infinite wing will have the 
same ratio of static to total pressure at corresponding 
chordwise positions only when 


U vin ite wing = nfinite wing 
U. {1 + | wing nfinite wing 


and therefore, the two wings will experience the same 
force per unit span only when the free-stream velocities 
far from the wings have the above relationship. 


(111) EvALUATION OF THE CORRECTION TO THE 
FREE-STREAM VELOCITY 


F. = 
f = (x — &)dtde 
[(x — + + (3 — 
+t — t)dtde 
-1 Jn 2m [(x — &)? + y? + (2 — 
integrating Eq. (12) over s from — 2» <2< — dA and 
A<s<@ 
Vo (Xx 
A—2 
A+ 2 


dé (13) 


The average value of F, at the location of the finite 


wing is represented by 


+ 1] + d 


Vo 
F(A, x, ¥, 3) = 
—l 
a 
| (x — &)° + yp? + (A 2) 
| | 
/ 
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] + Wo (x — &) 
4 
4X 1 J-1 2arl(x — + 
(V(x + + (A — 
— 2¢ dxdzdé (15) 
Vix — + (A + 
Mo \ | 4 
J-1 24 (NV 2d 
\ 2d 
/ 
V1 (1 — &) 
In = +I dé (16) 


1+ + &) 


Denoting the term in the brackets by G(é) and ap- 
proximating it by a Taylor series 


Str 


G(é) = G(O) + &G’(0) + 4... + 


tn 


G'"(0) 
Hn. 


G(0) = G’’(0) = G’’’"(0) =0 (17) 
G(é) = &'(0) + (O) + 
GO) +... 
— <§G'(0) + ~ G’’"(0) + 
1 or 3! 
\ 3X 
i/(1 +4)" W1+ f 
(19) 
DN 
V1+ V + 4)°) 
720° SOX? i 
G(Q) 
| 
g(A) = 
3! (20) 
G"(0) 
£3(A) 


£1( d) > | wo + Lol > wy 
oF 


e+] 
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SCIENCES 
The functions g;(A), go(A) and g;(A) have been caley. 
lated and are plotted in Fig. 1. For \ > 1, e(\) ang 


g;(X) are negligible and for > g3(A) is negligible, |, 
subsequent calculations g;(\) is omitted. (See Fig, 2 


hk 
FP, = g,(A) + go(X) 


If the profile is compared to the rectangle as in Fig. A 


2 | wdé = area of airfoil 


de = area of rectangle 
let 6, = 2| de (25 
d 
then = 2 by, (26 
likewise 


+1 
{ 2ywéd— = moment of inertia of profile about 


y-axis 


de® 12 = moment of inertia of rectangle about 
y-axis 


+1 
let 6; = (27) 
dc*/12 
e + 1 ) 
2d 
then | = 5, (on 
1” 
and, therefore, 
F, = —g(A) (1 m) (d c)by — go(X) (1 (d (29 
so that 
= ) (r m) [gi(A)64 + go/r)6,]; (32 
Ua. = U. + an (33 
Au = m) + (34 
for A > l 


g(A) = 0, g(A) = (1 A) [1 — (1 4A)] (85 


Au = —(7r md) [1 — (1 AA) (50 
Employing the Prandtl-Glauert approximation for 
compressible flow, we obtain i 

Aun, Au; | 
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FIG 6 CORRECTED EXPERIMENTAL DATA 


(BROWN UNIVERSITY TRANSONIC 
WIND TUNNEL) 
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PROFILE = 
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NACA 
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T 
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Au, l ’ 9 
U. 73 
and for BA, > | 
(39) 


(IV) APPROXIMATE VALUES FOR 64 AND 6, 


The usual airfoil sections have limitations which 
prevent large variations in the terms 6, and 6,. There- 
fore, the airfoil section is approximated by an ellipse 
for the nose section and parabolic ares for the rear por- 
tion as shown in Fig. B. 


+1 
2vadx 


d-¢ 


0.7270 (40) 


| 
| WV "dx 
= 0.4945 
dc 12 


(41) 


(V) CORRECTION FOR CHANGE OF DYNAMIC PRESSURE 


In the formulation of this theory, it was assumed 
that if the proper correction could be applied to the 
free-stream velocity approaching the finite wing, the 
force on the finite wing could be compared to the force 
on the infinite wing. Since the dynamic pressure shall 
not be the same for the two wings, the force coefficients 
shall also be different. 

It is more convenient to express the result as a func- 
tion of the Mach Number. The correction to the free- 


SEPTEMBER, 


SCIENCES 1956 
stream velocity and the correction to the drag cveflicient 


become 
AM/M,. = (Au/U..) + [(k - 


Acp 2— Al/ 


Using the approximate values of 6, and 6,, as found 
(IV) (AM/M..) (1/7) vs. M. is 
plotted in Fig. 3 for various values of the aspect ratio, 
Acp/Cp VS. AJ for AM/M 
Fig. 4. 


in Section above, 


various is plotted in 


(VI) COMPARISON OF THEORY WITH EXPERIMENTAL 
RESULTS 

Experimental data presented in reference 2 were 
compared with the theory presented in this paper. 
The data for aspect ratio 6.25, 5.25, and 3.28 were 
corrected to infinite aspect ratio. Ideally, the data 
should then coincide. The results of this comparison 
are shown in Fig. 5. 

Recently, additional experimental data on wings of 
different aspect ratio have been obtained in the Brown 
University transonic wind tunnel. The friction drag 
was subtracted and the data were compared at aspect 
ratio equal to infinity. The results are given in Fig. 6. 

It can be seen that the theory agrees favorably with 
experimental data. Therefore, if data for a wing of 
one aspect ratio are available, it is possible to predict, 
with reasonable accuracy, the performance of a wing 
of the same profile at any other aspect ratio. Reason- 
able accuracy is expected only for wings of aspect ratio 
greater than unity and Mach Numbers for which the 
Prandtl-Glauert corrections are valid reasonably far 


from the wing. 
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A Creep Buckling Hypothesis 


GEORGE GERARD* 
New York Unwersity 


SUMMARY 


Published work on creep buckling has implied that failure 
fcolumns after a critical time is caused by initial imperfections 
Such analyses are relatively complex and ultimately leave the 
choice of selecting the proper value of the initial imperfection to 
the designer. Furthermore, recent test results on creep buckling 
of columns have indicated that there is a random and relatively 
unimportant effect of small initial imperfections on the critical 
time 

To avoid the difficulties associated with initial imperfections, 
4 formulation of the creep buckling phenomenon in terms of 
classical stability theory is presented. The theory permits the 
extension of known solutions for plastic buckling of certain thin 
plates and shells to creep buckling problems 


SYMBOLS 


width 
( plasticity coefficients 
dD bending rigidity 
strain intensity 
E secant modulus 
E, tangent modulus 
G shear secant modulus 
/ = thickness 
K buckling coceflicient 
L length 
R radius 
time 


lateral deflection 
= coordinates 
plasticity factor 


strain 
stress 
= stress intensity 


= shear stress 
Poisson’s ratio 
Subscript 


= critical 


INTRODUCTION 


i be PROBLEM OF creep buckling of columns, plates, 
and shells has become of increasing importance in 
the design of aireraft for thermal flight. Thus far, 
theories and experimental data have appeared in the 
literature only for creep buckling of columns. 

In spite of the fact that research has progressed on 
creep buckling of columns since approximately 1949, a 
survey of the literature indicates that there are almost 
more theories than reliable test points which can be 
used to check the theories. Furthermore, much of the 
available test data cannot be used to check theory be- 
cause of the simple fact that the compressive creep prop- 
erties of the materials used were not obtained. 
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ing 


In this paper, a unified theory is presented for est- 
mating creep buckling of plates, cevlinders, and columns, 
based on available theories for plastic buckling of such 
elements. Available test data on creep buckling of 
columns, for which the compressive creep properties 
are known, are used to check the theory. 


THEORY 


Assumptions 


In the following development, it 1s assumed that a 
perfect plate element is subjected to a load less than 
that which would produce short-time buckling at ele- 
vated temperature. Under the applied load, the ele 
ment deforms time dependently without any deflection 
out of its plane. As a result of the time-dependent 
deformation under the constant applied stress, the axial 
stiffness of the element decreases so that, at the critical 
time, lateral deflections out of the plane of the element 
develop suddenly. 

The loading and assumed deformation sequence ts 
the fact that each 


illustrated in Fig. |. Aside fron 


value of strain is associated with a preseribed time 


value, the stress-strain relations of Fig. | corresponding 
to creep buckling are formally equivalent to those en- 


countered in plastic buckling problems. 


Equilibrium Equation 


It is pertinent to consider the following equilibrium 
differential equation obtained by Stowell! for time- 
independent plastic buckling of flat plates. 

D [C\(0*w Ox?) — C.(O*w + 
C;(0*w Ov") | —h|o(O°w Ox?) + 


Ov") + 27r(O*w ONOY) | 
SHORT-TIME_O- € CURVE 
ar 
£70 ler 
=CONSTANT 
STRAIN 
Fic. 1. Stress-strain relations leading to creep buckling. 
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creep and short-time buckling, it is convenient to adopt 
0, also the tangent modulus for creep buckling. th 
To summarize then, in Eq. (1), the stresses 4, 
% o,, and 7 are prescribed and therefore are time inde. 
pendent. The deflection w is time independent since It 
STRAIN buckling is assumed to occur suddenly. The bending be 
fr, rigidity D is time dependent since it contains and 
testa the coefficients C, to C; may also be time dependent jf 
the quantity /, /, varies with time. ot 
ti 
APPLICATIONS 
by Hinged Flange 
The short-time plastic buckling of a long hinged 
Fic. 2. Critical time solution for hinged flanges flange has been determined by Stowell.! The short. be 
time buckling stress solution satisfying Eq. (1) is = 
where el 
= KE,(h/b)? (4 th 
D E, h*/9 
C, = 1 — (a/4) o,? Eq. (1) can also be satisfied by a value of (/:,),. given by = 
(Eder = (6 K) (hb)? (5 
C; = 1 — (a@/4) (o,0, + 27°) 
Cy = aoa,r Thus, for creep buckling under a value of compressive , 
Cs i = (a/4) o,° stress o less than o,, of Eq. (4), Eq. (3) reduces to i 
3[1 — (E,/E,)] E,[t] = o/e[t] (6 ti 
+ — o,0, + 3r’ and, therefore, Eq. (5) can be written as 
Eq. (1) is based on the assumptions that » = 1,2 in é[t] = Ath b)? (7 T 
the elastic and plastic regions, that deformation-type Eq. (7) implies that, after a sufficient period of time I¢ 
stress-strain relations apply, and that the plate remains at elevated temperature, the axial stiffness of the 
awe hinged flange has decreased sufficiently because of creep 
of Eq. (1) depends only upon the assumption that to permit buckling. Critical times duit: ts: Hiei I 
R= (2) rectly from compression creep curves by determining 
the critical strain according to Eq. (7). The method of : 
where o; and e; are stress and strain intensities, respec- determining ¢,, is illustrated in Fig. 2. These data can 4 
tively. They are rotationally invariant functions and be cross-plotted with o as a function of ¢,, for various 
are defined according to the octahedral shear law. constant values of ¢,, or with o as a function of ¢,, for 
To permit use of Eq. (1) for creep buckling problems, various constant values of (,,. 
the following assumption is used to replace the assump- 
tion of Eq. (2): Plates | 
The short-time plastic buckling of long flat plates 
E.lt] = 0, eft] (3) with various boundary conditions has been considered 
where e,|f] is now a time-dependent strain intensity. by Stowell.’ The buckling stress can be found siaiee 
Thus, the constant stress state existing prior to creep the following equation and the values of 3 listed in ( 
buckling produces time-dependent deformations which lable 1. 
are analogous to the plastic deformations produced by o., = BKE,(h/b)? (S 
the increasing stress state existing prior to short-time 
buckling. At buckling, the superimposed incremental 
stress state associated with Eq. (1) is time independent TABLE 1 
since buckling is assumed to occur suddenly for creep Values of 3 for Long Flat Plates 
buckling as well as for short-time buckling. —— Bu 
by Eq. (1) can be satisfied by a suitable reduction in /, “a oe 0.330 + 0.335 
to permit creep buckling as well as an increase in (1 + 3E,/E,)!/2 0.665 


stress for short-time buckling. To be strictly correct, 
since the applied stress is constant for creep buckling, 
lateral bending must proceed according to the reduced 
modulus model rather than the tangent modulus model. 
This is a point which may have relatively little effect 


on the results. Moreover, for a unified treatment of 


Compression-—simply 
supported plate! 


(1 + 3E,/E,)!/2 0.750 

Compression —clamped 
plate! 0.352 + 0.324 

(1 + E,/E,)\/2 0 676 


Shear-elastically 
restrained plate? 3G./E, 


4 
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By following the analysis used for the hinged flange, 
the critical strain for plates can be written as 


= BK(h/b)* (9) 


It can be observed that the limiting values of 3 vary 
between unity and those listed in the last column of 
Table 1 for = 0. 

To evaluate £, /, and therefore 6 for a creep buckling 
problem, it is necessary to know the stress-strain rela- 
tions for the material at the critical time. Since the 
incremental stress state associated with buckling has 
assumed to be a time-independent process, the per- 
tinent stress-strain relations at the critical time could 
be evaluated presumably from the following test pro- 
Subject a specimen to compressive creep at 
After a prescribed time, unload 


cedure. 
elevated temperature. 
the specimen and then determine the stress-strain char- 
acteristics at the test temperature by loading beyond 
the stress level used for the creep test. 

From another viewpoint, buckling has been assumed 
to occur suddenly, and, therefore, it may be argued 
that the superimposed incremental stress state should 
follow an elastic loading path. However, in_short- 
time buckling tests at elevated temperatures as well as 
at room temperature, the incremental stress state fol- 
lows the tangent modulus and not the elastic modulus. 
Therefore, the argument that creep buckling should 
follow an elastic path does not appear to be valid. 

From a conservative standpoint, one could assume 
that A, /, = O and use the 8 values given in Table | 
in conjunction with Eq. (9). A conservative value of 
a critical time could then be found by utilizing the 
critical strain determined from Eq. (9) in conjunction 
with creep data as illustrated in Fig. 2 for the hinged 
flange. 

Short-time tests on extruded H-sections have indi- 
cated that plate assemblies generally possess some 
reserve strength beyond buckling. For sections which 
buckle plastically, the failing strength is adequately 
predicted by taking 6 = 1 in Eq. (8). As a possible 
upper limit for the critical time, Eq. (9) may be used 
with 6 = 1. 


Cylinders 

The short-time plastic buckling of long cylinders 
under compressive or torsional loads has been con- 
sidered in reference 3. The plastic buckling stress of a 
compressed cylinder is given by 


oc = BKE,(h/R) (10) 


where 6 = (E,/E,)'” 

For a long cylinder subjected to torsion 

Ter = BKE(h/R)*” (11) 
1 


where 


lhe critical strain can be expressed in the form 


= BK(h/R)" (12) 


as 


where » = | for compression and » = 3 2 for torsion. 
Since 8 = 1 for torsional buckling of a cylinder, the 
critical time can be found directly as shown in Fig. 2 
if the compressive stresses are converted into shear 
stresses by use of the pertinent affinity relation. 
Compressive buckling of a cylinder is strongly de- 
pendent upon the value of /, /,. Therefore, the sug- 
gested approach for plates cannot be used in this case. 
Since columns also depend primarily upon /:, /,, fur- 
ther discussion of compressed evylinders is reserved for 


the next section. 


Columns 


The short-time plastic buckling of columns depends 


upon the tangent modulus. In terms of 3, 


= (15) 
where 


Thus, for columns as well as compressed cylinders, the 
values of 8 must be known in order to determine the 
critical stress for short-time buckling or the critical 
time for creep buckling. For the latter, it is necessary 
to know the stress-strain relations after a given amount 
of creep has occurred as discussed in the section on 
plates. This can be found from tests or from a mathe- 
matical formulation of the creep law. 
sible to obtain an estimate of the critical time for col- 


It may be pos- 


umns and compressed cylinders by assuming that 
3 = | and then determining the critical strain from Eq. 
(12) for cylinders and the following for columns. 


eit) = K(6/L)* (14) 


Early estimates of the importance of initial imper- 
fections indicated that theoretically perfect columns 
would not creep buckle.‘ This result is probably due 
to neglect of the decrease in axial stiffness as the element 
creeps. Consequently, theoretical work on creep buck- 
ling of columns has implied that initial imperfections 
provide the mechanism by which failure occurs at the 
critical time. Libove® ° has found that, theoretically, 
initial imperfections seriously influence the column 
life. Kempner found that a linear viscoelastic column 
has an infinite life regardless of the initial imperfections. 
A finite life was obtained by Kempner* when nonlinear 
viscoelastic behavior was assumed. 

Recent tests on creep buckling of columns* have indi- 
cated, however, that there is a random and relatively 
unimportant influence of small initial imperfections 
upon the critical time. Furthermore, failure occurs 
suddenly and after relatively small lateral deflections. 
These test results suggest that the approach used herein 
in which perfect elements are considered may yield a 
satisfactory approximation to the critical time. 


EXPERIMENTAL DATA 


In the preceding sections, it was indicated that com- 
pressed flat plates with various boundary conditions 
and flat plates and cylinders under shear loadings are 
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Critical time comparisons of critical elastic strain 
110 at 


Fic. 3. 
approach and test data on 75S-T6 columns of L/p = 
600°F. 


not particularly sensitive to the values of /, which 
appear in the 8 term. Columns and circular cylinders 
under compression, on the other hand, depend directly 
upon /,. In the absence of test data on creep buckling 
of plates, use of test data on columns to check the pre- 
dictions of the approach suggested herein provides a 
particularly severe test of the method. Because of 
the sensitivity to /,, it would be anticipated that, if 
the method failed for columns, it may still be of value 
for those plates and cylinders which depend upon £, in 
a minor way. 

In reference 10, test data are presented on creep buck- 
ling of columns of 75S-T6 aluminum alloy at 600°F. 
In addition, compressive creep data under constant 
load conditions were obtained in the stress range of 
4.5 to 5.5 ksi. The data for this stress range and a 
temperature of 6GO0°F. were quite accurately repre- 
sented by the following empirical equation: 


= (o/E) + Ae™t® (15 
where A = 2.64 X 107‘ hr. 
B = 1.92 X 10-3 psi“! 
= 5.2 X 10° psi 
AK = 0.66 
By employing the assumption of Eq. (14), 
Cor = (16) 


Together with Eq. (16), the critical time for creep 
buckling under a prescribed compressive stress can be 
determined by rearranging Eq. (15) 


In Fig. 3, computed data involving Eqs. (16) and 


(17) 


(17) for columns of L ‘p = 110 are shown together with 
test data of references 9 and 10. 
tween Eq. (17) and the upper test points is good. 
the other test points in the region of | hour, the agree- 
However, it should be 


The agreement be- 


For 


ment is not so satisfactory. 
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noted that both the basic creep data and column tes 
points are of sufficient variability to require statistic 
analysis to establish correlation between theory ary 
experiment. In this respect, creep problems are ver; 
similar to fatigue problems. 

In Fig. 4, additional test data on columns of sever 
slenderness ratios’ are compared with the predictions 
of Eqs. (16) and (17). 
agreement is obtained between the 
the test data. The light lines in Fig. 
by using o £, in Eq. (17) in place of o EF in order t 
obtain agreement with the time-independent behavior 


It can be observed that fajr 


4 were obtained 


of columns. It can be seen that little change occurs 

In closing, it must be emphasized that before the 
various theories which have been proposed for creep 
buckling can be evaluated it is necessary that satis. 
factory tests be conducted. Such tests would require 
that several creep curves be obtained for a given stress 
level and temperature in order that the variability of 
the basic creep data be established. Then, a sufficient 
number of creep buckling tests should be run under 
presumably identical conditions to establish the varia- 


(Continued on page SST 


7 
L4 =29.3 
5 
6 
40.8 
STRESS 
4 
5 
L/p= 58.6 
4 
3 
L/= 726 
4 

3 

2] / 4 

CRITICAL TIME — hrs 
Fic. 4. Critical time comparisons of critical strain approach and 


test data on 75S-T6 columns at 600°F. 


heavy line and 
' 


D 


for 


ogee 
at ¥ 
n 
til 
tri 
| 
| 
| 
| 
ae 
| 
Be 


olumn tes, 
Statistica] 
heory and 


are very 


Or several 
predictions 
| that fair 

line and 

obtained 
n order t 
behavior 
ge occurs 
yefore the 

for creer 
hat satis- 

ld require 
ven stress 
ability of 

sufficient 
un under 
the varia- 


ach and 


Creep Deflection of Viscoelastic Plate Under 
Uniform Edge Compression 


T. H. LIN* 
lnwversity of Detroit 


SUMMARY 


The stress-strain-time relationship of a viscoelastic body under 
plane stress system is given. This relationship is expressed in 
its Laplace transform form. Equilibrium condition for the 
viscoelastic plate with simply supported edges under edge thrust 
in terms of lateral deflections is shown. The initial deflection of 
the plate is expressed in double sine series. The method of cal- 
culating the magnification of each term of the series at different 
instants is derived. The sum of these terms gives the deflection- 
time curve of a viscoelastic plate under edge thrust. The shape 


of the deformed surface generally changes with time. An illus- 
trative example is shown in the Appendix. 
SYMBOLS 
= length of plate 
= width of plate 
b, = constants 
Amn, Bmn = constants 
( = damping constant 
f = volumetric strain or hydrostatic strain component 
é = components of strain tensor 
} = components of deviated strain tensor 
E = Young’s modulus of elasticity 
F = functions 
G = elastic modulus of rigidity 
h = thickness of plate 
I = moment of inertia of unit width of the plate 
kK = curvature, constant 
k = spring constant, constant 
M = moment 
N = direct stress on the edge of plate per unit length 
m,n = integral numbers 
P.O = linear operators az (d*/dt*) and bm (0”/dt” 
respectively 
S = Laplace transform variable 
t = time 
x = axis parallel to the length of plate 
y = axis parallel to the width of plate 
Z = axis perpendicular to the plane of plate 
u, 2 = displacements along the x-, and y-axis, respec- 
tively 
= initial deflection of plate 
= additional deflection of plate 
vt u = total deflection of plate 
im = Poisson’s ratio in elastic range 
a = the hydrostatic component of stress 
0 = components of stress tensor 
g = components of deviated stress tensor 
¢ = a function 
T = a variable, shear stress 
= shear strain 


Bar on top of the symbol denotes Laplace transform of the ex- 
pression 
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Dot denotes differentiation with respect to time 
\l=7) 
6 = kronecker delta = ; 
(O #7) 


INTRODUCTION 


6 ge RECENT INCREASE in the use of structures under 
elevated temperatures has made the creep problem 
increasingly important. Progress has been made in 
the determination of the behavior of beams and col- 
umns under conditions subject to creep in the past few 
vears,'~* but there is apparently very little published 
literature on the creep deflection of plate under com- 
pressive loadings.’ It is the purpose of this paper to 
extend the analytical method of calculating creep de- 
flection of viscoelastic columns’ to calculate the creep 
deflection of plates which can be assumed to have 
linearly viscoelastic properties either at room or ele- 
vated temperatures. 

Viscoelastic material" has the general linear inelastic 
behavior of a combination of the behavior of solid and 
liquid phases, with the limiting cases being that of the 
elastic solid and of ideal viscous liquid. This viscoelas- 
tic behavior can be represented by a number of me- 
chanical springs and dampers to form mechanical 
models.” The general stress-strain relations of 
volume-constant linear viscoelastic materials may be 
written in the general form?!” 

Po';; = Qe’ 
where o’,, and e’;, are the components of the deviated 
stress and strain tensors, respectively; P and Q are, 
respectively, the linear operators, a,(0° Of) and 
(O° Of"); and a, and b,, are constants. 

Alfrey'! has shown that the distribution of deviatoric 
stress within any volume-constant linear viscoelastic 
body is identical with that of a volume-constant elastic 
material subject to the same surface forces. The 
deviatoric strain at any point in the linear viscoelastic 
bedy is proportional to the deviatoric strain at the cor- 
responding point in the elastic body. The deformed 
shapes of the two bodies will be the same although the 
magnitude may be different. However, this analogy 
between the elastic and the linear viscoelastic bodies 
does not hold when the structure is subject to buckling— 
as in the case of columns, or plates under compression. 
In the following, a viscoelastic plate with simply sup- 
ported edges under uniform edge compression is an- 
alyzed. This analysis is based on small deflection theory 
and gives results without substantial error with the de- 
flections not exceeding 0.4 times the thickness of the 
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plate.'” Plates with large deflections are not con- 
sidered in the present paper. 


MATHEMATICAL ANALYSIS 


Stress-Strain-Time Relationship 


Creep deformation is independent of hydrostatic 
stress.!* Therefore, the creep stress-strain relationship 
is expressed only in terms of deviated stress and devi- 


ated strain :!' 


io = (1/3) (1) 
= (2) 
= Oy 6;; 10 (3) 
= — 1€ (4) 


Brull'' has shown that the deviator’s stress-strain-time 
relationship of linear viscoelastic material can be repre- 
sented by 
With o,_, Eq. (5) is written in the following form: 
(2/3)t, — (&,/3) = 2G} (2é,/3) — 

[(é, + é) 3]} (6) 
(2/3)é, — (%,/3) = 2G}(2é,/3) — 
[(é, + 3]} (7%) 
= 
[(é, + é,)/3]} (1 — 


— 2G} (2é. 


From Eqs. (6) to (S), 


6, — = 2G(1 — $) (é& — é,) (9) 
+ = —2G(1 — @) (2é. — — é,) (10) 


The bulk modulus does not change due to creep 


(¢, + G,)/3 = K(é, + 6, + 2é:) (11) 
where 

K = E [301 — 2y)] = + — 2y)] 
and pu is the same as that for the elastic case.'' 
From Eqs. (10) and (11), 


é. = + — + 201 — X 


+ where f(u) = (1 + — 2p) 
(12) 
From Eqs. (9), (10), and (12), 
= + Fr é, 
= + é, 
Try = Fs (13) 
where 
Fi =G(1 — 8) CBAw) + 20 +1) 
F, = G (1 — + 20 - 1) 
and F; = — 
F, + 2F; = F, (14) 
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Resisting Moment and Lateral Deflection 


Assuming that the normals to the neutral surface of 


the plate before bending remain straight during 
bending, 
é, = K,2 + K,: (15 
where e,, and e,, are strains at median surface. 
W, = fia, sds = (FiK,s? + F.K,2") dz 
= (F\K, + F.K,)/ (16 
where = 
M, = (F\K, + F.K,)1 (17 


Yry = (Ou/Oy) + (Ov/Ox) 
Try Ov) + Ox) | 


u = — 2(Ow/Ox) v = — 2(Ow Oy) 


Where mm and vw are the displacements along the »- and 
y-axes of the points on the median surface. 


M., =JS = S —2F32°8,, ds = 


Creep Deflection of the Plate 


Since no plate is absolutely flat and homogeneous, 
the initial curvature and the nonhomogeneity of the 
material are here represented by an initial deflection «, 
and w + wy is the total deflection of the plate at any 
instant. Fora plate under uniform thrust .V, per unit 
length on two opposite edges, the differential equation 
for equilibrium may be written as follows:'° 


Ox? — 2(07.M,,/Oxdy) + dy?) 
—N,[0?(w + wy) Ox?] (19) 


From Eqs. (15) to (19), 


+ + Fi Dyyyy 4F | 
—N,[@,. + (1/S)wo;,| (20) 


From Eqs. (14) and (20), 


TF, + ZW + 
—N,[®.. + (1/S)worrl (21 


Let the plate of length a and width } be simply sup- 


7 
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Fig. 1 
Square Plate under Eige Thrust 
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CREEP DEFLECTION OF VISCOELASTIC PLATE 
yorted on four edges, and let «» be expressed in double Cc 
urlace of sine series. 
during 
= sin (max a) sin b) 
— sin (max a) sin (ny b) 
(15 wn Ke e, 
+ 2(mm a)? (nw b*) + (nw b)*] — 
(mm a)?} sin (max a) sin b) = e 
+(N, (m?x?/a?) [sin (max/a) X 
(16 sin b)] (22) 
) 
Multiplying the above equation by sin (mmx a) sin 
nry 6) dxdy and integrating from x = 0 toa and y = ad 
(ito Fig. 2 Maxwell Model 
B + A,,,(mm a)? (1S) 
a)! + 2(mm a)? (nw b)? + (IF, N,) — (mx a)? 
y) 
B (An, S) (mm a)? N, + 201 — 
Cnn IG — [Af + 201 — (mw a)? + 201 
Where 
= a)? + 2(mm a)? (nw b)? + (nm b)*] 
eneous, 
of the For the Maxwell model (see Appendix), e =o ky m= 6% 
(24) e=ate 
at any 
er unit The constant a for the Maxwell model or the constants é = ¢ + & = (6 ko) + (c/n) = 
juation for more complex models can be determined from the (1 ku) [o + (Ry evo] 
properties of the material. > 
: With = E and = 
By Heaviside’s expansion," B,,,, is obtained from the hy 
«ag inverse transform of B,,,.. Substituting B,,,, into Eq. @ (A-] 
a », the deflection w of the plate is obtained. am ae 
An illustrative example is given in the Appendix. 
| Deflection-time curves were calculated for initial de- ¢= (S+ a)] 
19 | flections of two different harmonics; one with m = l, | 5/(3 
| «= 1and the other with m = 3andn = | Phe for- 
mer initial deflection grows much faster than the latter. E for 75ST aluminum alloy at 600°F. is 5.2 x 10° 
Hence a plate with initial deflection composed of dif- psi and the average rate of creep for the first 10 hours 
QI ierent harmonies will have different stress distributions under a constant stress of 4,500 psi is 0.00056 hour 
at different instants. (see Fig. 17.3 of reference 5). 
y sup- This analysis also shows that infinite rate of deflec- 
tions is produced only at infinite time, so long as the é=ack 
— stress in the plate is within the elastic limit of the in- 0.00056 X 5.2 X 10° 
The a = Eé/eo = — = = 0.647 hour 


| stantaneous stress-strain curve of the material. 
| creep strain in the plate or column is similar to addi- 
tional initial curvature and does not change the critical 
compressive strength of the member. That is why vis- 
coelastic plates or columns, with the slope of the instan- 
taneous stress-strain curve taken as constant, has no 
critical time of collapse. 


APPENDIX 


A viscoelastic plate S in. square, and * j¢ in. thick is 
subject to a compressive load of 4,500 psi on two op- 
posite edges (see Fig. 1). All the four edges are simply 
| supported. The visccelastic properties of the plate 
} &e represented by a Maxwell's model as shown in Fig. 

» 


4,500 


This viscoelastic plate is assumed to have the same 
values of / and a. 


From Eq. (253), 


Brn 2S 
S+al- 
/ \2 
fiz) + | 
a S+a} 


uw is taken to be 0.3 
2 X 10° psi 


= 
: 
‘ 
- - 
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plate.'* Plates with large deflections are not con- Resisting Moment and Lateral Deflection 


norte 
sidered in the present paper. Assuming that the normals to the neutral surface oj saet 
‘ the plate before bending remain straight during 
MATHEMATICAL ANALYSIS bending, 
Stress-Strain-Time Relationship = + é,,; & = Ags + é, (15 tow. 
Creep deformation is independent of hydrostatic where e,, and e,, are strains at median surface. [Fim 
. . . \ 
stress.'* Therefore, the creep stress-strain relationship = 
is expressed only in terms of deviated stress and devi- 
ated strain :!! = + Fok,)/ (16 
= (1/3) oj, (1) where = fs°dz. Mult 
= (1/3)e;; (2) M, = + (17 Oto! 
i; = — 10 (3) Yry = (Ou/Oy) + (Ov/Ox) 
Brull'' has shown that the deviator’s stress-strain-time u = My — 2(Ow Ox) v = % — 2(Ow Oy) 


relationship of linear viscoelastic material can be repre- . , 
Where mw and v are the displacements along the x- and 


y-axes of the points on the median surface. 
a’ = 26 é&, (1 — 8) (5) Wher 


=S = —2F;2°@,, dz = —2F3I@,, (18 


sented by 


With o.~, Eq. (5) is written in the following form: 
Creep Deflection of the Plate 


(2/3)8, — (8,/3) = 2G{(2é,/3) — 
[(é, +) 3]} 1-2) ©) Since no plate is absolutely flat and homogeneous, 
‘ the initial curvature and the nonhomogeneity of the For t 
(2/3)6, — (62/3) = 2G} (2é,/3) — material are here represented by an initial deflection %, 
((é, + é) 3]} (l- 2) (7) and w + wy is the total deflection of the plate at any 
(6, + 8,)/3 = —2G{ (22/3) — instant. For a plate under uniform thrust .V, per unit The « 
[(é, + é,)/3]} — 8) (8) length on two opposite edges, the differential equation for 
; for equilibrium may be written as follows:'* prope 
From Eqs. (6) to (S), By 
Ox? — + (07.17, dy?) = 
— = 2G(1 — — (9) —N,[02(w + wy) Ox? | (19) tt 
6, + 6, = —2G(1 — @) (2é. — & — é,) (10) From Eqs. (15) to (19), An 
Jetle 
bulk modulus does not change due to creep + 2F + Fr@yyyy + 4F | 
(G, = K(é, ey é;) (11) + (1 (20 1 = 
From Eqs. (14) and (20), mer 
Hene 
K = E [3(1 — 2u)] = + — + + = ferent 
—N,[@. + (1/S)wo,,] (20) itdif 
and yu is the same as that for the elastic case.!' 
From Eqs. (10) and (11) Let the plate of length a and width 6 be simply sup- rh 
Ss. tions 
= {[—f(u) + — + 201 X stress 
(é, + é,), where f(w) = (1 + — 2p) stant 
(12) creep 
tional 
From Eqs. (9), (10), and (12), 
comp 
6, = Fie, + Fr é, coela: 
tanec 
= F, é, + é, 
= Yru (13) Nx N x 
where 
\ 
x subje 
Fy, = G (1 — @) + 201 1) posite 
anc 3 = G(l — are re 


FP, + 2F, = F, (14) Square Plate under Edge Thrust 2. 
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CREEP DEFLECTION 


jorted on four edges, and let «, be expressed in double 
gine Series. 


= sin (marx a) sin b) 


= — a*) sin (max a) sin (ny b) 


Wires 


a)! + a)? (nt b?) + (nm b)*] 
N, (mm a)*}4,,, sin (max a) sin (nay b) = 
4(N, (m?x?/a?) (sin (maxx/a) X 


OF 


VISCOELAST 


Keo 
Co ©2 


sin (nay b)] (22) 
Multiplying the above equation by sin (mmx a) sin 
dxdy and integrating from x = 0 toa and y = 
Fig. 2 Maxwell Model 
B + A,,,(mm a)? (1 S) 
a)' + 2(mm (nw b)? + N,) — (mm a)? 
B (An, S) (mm a)? [f(w) + 201 
Cnn — [4f + 201 — — (mw a)? N,[f(u) + 201 8) 
Where 


Cn, = + 20mm a)? (nw b)? + 


For the Maxwell model (see Appendix), 


l1—geg=S (S + a) 


(24) 


The constant a for the Maxwell model or the constants 
jor more complex models can be determined from the 
properties of the material. 

By Heaviside’s expansion,"? B,,,, is obtained from the 
inverse transform of B,,,. Substituting B,,,, into Eq. 
», the deflection w of the plate is obtained. 

An illustrative example is given in the Appendix. 
Deflection-time curves were calculated for initial de- 
flections of two different harmonics; one with m = 1, 
n = | and the other with m = 3andn = 1. The for- 
mer initial deflection grows much faster than the latter. 
Hence a plate with initial deflection composed of dif- 
ferent harmonics will have different stress distributions 
at different instants. 

This analysis also shows that infinite rate of deflec- 
tions is produced only at infinite time, so long as the 
stress in the plate is within the elastic limit of the in- 
stantaneous stress-strain curve of the material. The 
creep strain in the plate or column is similar to addi- 
tional initial curvature and does not change the critical 
compressive strength of the member. That is why vis- 
coelastic plates or columns, with the slope of the instan- 
taneous stress-strain curve taken as constant, has no 


critical time of collapse. 


APPENDIX 


A viscoelastic plate S in. square, and * j¢ in. thick 1s 
subject to a compressive load of 4,500 psi on two op- 
posite edges (see Fig. 1). All the four edges are simply 
supported. The viscoelastic properties of the plate 
are represented by a Maxwell's model as shown in Fig. 


) 


e 


W 


(nm b)*| 
= ky = a 
= + e 
= + = (6 ky) + (6 G%) = 


(1 Ry) + (Ro 
ith ky} = Hand ky = a 
(¢ + ao) (A-1) 
(S@ + &) 


a (S + a)] é 


Il 


(S+a) 


75ST aluminum alloy at is 5.2 & 10° 


psi and the average rate of creep for the first 10 hours 


under a constant stress of 4,500 psi is 


0.00056 hour 


(see Fig. 17.3 of reference 5). 


é = ac/E 
0.00056 K 5.2 & 10° 


a = EKé/o = = 0.647 hour 
4,900 


II 


This viscoelastic plate is assumed to have the same 


values of a. 


By, 


G 


From Eq. (23), 
2S 
| 4f(u) + 
S+al- S+a 


‘ma\? 25 | 
fin) + 


is taken to be 0.3 


Ca 


= F/(2(1 + w)] = (5.2 X& 10)*/(2 X 1.3) = 
10° psi 


= 
= 
: 
(21) aa 
SUp- 
‘ 4 
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Fig.3 Deflection—time Curve of a 


Visco-elastic Plate 8" square 
3/16" thick umder Hige Thrust 
of 844 lbs. per inch. 


Ay} = 2002", = -0028 
Ay) = 002", 0 
= ,002" 


= 0 


Deflection in inches. 


AERONAUTICAL 


SEPTEMBER, 


SCIENCES 1956 


I = (1/12) (3/16) N, = S44 Ibs. in. 
en = / 32" 
Ff) = 1 + — 2a) = 3.25 
Ay, S 
By, = (A-3 
0.8025 [1380S + a) + 25] 
(S + a) [8.25(S + a) + 2S] 
After simplifying and factoring the denominator, 
Ay X 0.775 (S + (S + 0.619a) 
By = : (A-4 
S(S + 0.976a) (S — 0.4920 
By Heaviside expansion, 
By = Au + 0.77557! (A-5) 
1 ¢ 
p(S) = (S + a) (S + 0.619a) (A-6 
q(S) = S(S + 0.976a) (S — 0.492a) 
g'(S) = (S + 0.976a@) (S — 0.492a) + 
S(S + 0.976a) + S(S — 0.492a) (A-7 
—0.9iba 3; = (AS 
From Eq. (A-5), for Ay, = 0.002 in., 
By, = 0.002 X 0.775 (—1.29 — 0.0060e—"-97°" + 
2.30 (4-9 
Form = l,u = 3, 
Cs = (1 + 2X1 X 3? 4+ 3') = 


(mw! S*) X 100 


a2)N,] = 0.802 X 25 


+ a) (5.25S + 3.25a)/S 


A 13 


For A B= 0.002 in, 


By; = (0.002 56.3) [—59.6 — 4 


(A-11) 


B,, and By at ¢ = 0 to 10 hours are calculated with a 
of 0.647 hour as shown in Table 1, and the center 
deflections vs. time due to A, and Aj; are plotted in 
Fig. 3. 


0.802 X 25 (15S + 13a) — (S + a) (5.25S + 3.25a) 


(S + a) (S + 0.619a@) 
56.3 S(S + 0.866a) (S — 0.012a@) 


(A.10 
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TABLE | 


(1) (2) (3) (4) (5) (6) 

t By Lin + By By; Ays + B, Center Deflection 

Hours In. In. In. In. In 

0 0.00155 0.00355 0.000035 0.00204 0.00559 

2 0.00471 0.00671 0.000071 0.00207 0. OO878 

4 0.01076 0.01276 0.000106 0.00211 0.01487 

6 0.02216 0.02416 0.000142 0.00214 0.02630 

& 0.0436 0.0456 0.000178 0.00218 0.0478 

0.0606 0.0626 

10 OS62 0.000234 0.00223 0. O884 


4: | 

27 
Hill B 


speak 
the a 
tions 
and 1 
the r 
show! 
the a 
total 


bility 
statis 
theor: 
quacy 
to inc 
perim 


‘St 


uMNS a 


Ge 
Wall ¢ 
Octobe 


886 
Eiasl 
08 
\ero 
Mec! 
VAC 
“DO 
/ Rep 
| | / 
/ 
fi 
| | 
| | | 
| | / 
| | | // 
// 
02 
| 
Time in hrs. 
= 
= 
= 
tional 
1948 
) 


T, 


(A-5) 


(A-6 


) X 100 


(A.10 


f Applied 


Theo ry o 
Congress 


of Lucite 
Torsion, 


i. 


CREEP DEFLECTION 


Kempner, J., Creep Bending and Buckling of Linearly Visco- 
Elastic Columns, NACA TN 3136, January, 1954 
Higgins, T. P., Jr., Effect of Creep on Column Deflection, Chap 


ter 10 of reference 17 


6 Libove, Charles, Creep Buckling of Columns, Journal of the 


\eronautical Sciences, Vol. 19, No. 7, pp. 459-467, July 1952. 
Lin, T. H., Stresses in Columns with Time Dependent Elas- 
ty, Proceedings of the First Mid-Western Conference on Solid 
Mechanics, 1953 
‘Kempner, J., and Patel, S. A., Creep Buckling of Columns, 
TN 3138, January, 1954 
iGerard, G., Life Expectancy of Aircraft’; Under Elevated 
Temperature Corditioxs, Wright Air Development Center Tech 
Report 53-493, p. 15, ¢ Jctober, 1953 
Freudenthal, A. M., The Inelastic Behavior of Engineering 
Vaterials and Structures, pp. 220-242; John Wiley and Sons, Inc., 
New York, 1950 
Alfrev, T., \Wechanical Behavior of High Polymer, pp. 557 
44: Interscience Publishers, Inc., New York, 1948 
Timoshenko, S , Theory of Elastic Stability, p. 322; McGraw 
Hill Book Co., Inc., New York, 1936 


VISCOELASTIC PLATE SST 


Johnson, A. E., Creep Under Complex St Systems at Ele 
vated Temperatures, Proceedings of the Institute of Mechanical 
Engineering, London, England, Vol. 164, pp. 425-442, 1951 

‘Brull, M. A., A Structural Theory Incorporating the Effect 
of Time-Dependent Elasticity, Doctoral dissertation at the Uni 
versity of Michigan, 1952; Proceedings of the First Midwestern 
Conference on Solid Mechanics, 1958 

% Churchill, R. V., Wodern Operational Mathematics in Eng 
neering, pp. 44-45; McGraw-Hill Book Co., Inc., New York, 
1949 

6 Lin, T. H., Creep Deflections and Stresses in Columns, pre 
sented at the Applied Mechanics Division, A.S.M.E., November 
14,1955. Paper No. 55-A-48. Tobe published in the Journal of 
Applied Mechanics 

7 Shanley, F. R., Weight Strength Analysis of Aircraft Struc 
tures, pp. 310-8316; McGraw-Hill Book Co., Inc., New York, 
1952. 

8 Southwell, R. V., Thecry of Elasticity, p. 461; The Clarendon 
Press, Oxford, England, 1936. 


Forced Responses of Two Elastic Beams . 


Continued from page S29) 


speaking, the input force is not sinusoidal. However, 
the arbitrary input force can be represented by func- 
tions with the only restriction that they are finite 
and integrable in a suitable interval. For such cases, 
the responses can be obtained by using the method 
shown herein and the well-known technique of replacing 
the arbitrary input by a Fourier series expansion. The 
total reaction forces —i.e., R. and R,—-are then obtained 


as a summation of the reaction forces originating from 
input forces corresponding to the individual terms of 
the Fourier expansion. 
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A Creep Buckling Hypothesis 


Continued from page 882) 


bility in the creep buckling process. Finally, by use of 
statistical techniques, the degree of correlation between 
theory and experiment can be determined. The inade- 
quacy of the currently available test data only serves 
to indicate the necessity for statistically planned ex- 
periments. 
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Determination of the Stationary Flow Field in 
Front of a Supersonic Cascade 


P. Schwaar 


Sociéte Nationale d'Etude et de Construction de 
Moteurs d’Aviation (SNECMA), Villaroche, France 


April 12, 1956 


car neeatsand has shown that, in the case of subsonic axial 
velocities, pressure waves may propagate upstream of 4 
supersonic cascade only if they are cancelled subsequently by 
waves of opposite sign. 
direction far upstream of the cascade for given entry conditions 
is then performed by of Prandtl-Busemann’s 
graphical characteristics method. Boxer, Sterrett, and Wlodarski? 
discussed the same flow phenomenon and used it for creating 
finite leading-edge angles, stating, however, that the graphical! 
method fails in solving the inverse problem, which consists of 
determining the cascade entry conditions from given uniform 
upstream flow 
analytical procedure. 


Determining the flow velocity and 


easily means 


conditions. They consequently developed an 

However, the inverse problem may be solved actually in a 
very simple manner by the graphical method. Let us consider 
(Fig. 1) the case of a cascade with a leading-edge shock starting 
on the suction side and neutralized upstream by expansion waves 
of the same family issued from the wedges QO; and O.. The flow 
field may be characterized by the direction angle @ and _ the 
Prandtl-Mevyer expansion angle v of the velocity vector. Within 
the approximation of the method, it is possible to cancel the whole 
perturbation system at a finite distance from the leading edge, 
resulting in the prescribed uniform flow conditions (6, v) far 
upstream of the cascade. Indeed, choosing two adjacent wedge 
apexes O), G2 and assuming, for example, computation steps of 
1°, one finds that the shock originating at the leading edge F 
(of still unknown location) must be cancelled as a 2° compres 
sion wave at the intersection point 4; of two 1° expansion waves 


A3 ™ 8v Az 
6-1 Bow 
yv-1 
6+2 2 
ex 
6+2 
,v+2 0, 
Frc. 1. Supersonic cascade entry conditions 
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starting, respectively, from O, and O.—namely O,A, (@ — 
: and QnA, (6, v)/(9 + 1,» + 1). Therefore, the 
compression wave A,B (6 + 1,» + 1)/(@ — 1, » — 1) may be 


— 1)/(0, 
drawn as a straight segment until it intersects at B with a further 
in our case O,B (6 — 2,v — — — 1) 
thus determining the 3° shock-wave segment BC (¢ + 1, v +1) + 


expansion wave 


ig — 2, — 2), etc. On the figure, the construction has been 
performed for an arbitrarily chosen 6° leading-edge shock, re 
sulting in the cascade entry conditions (@ + 2, » + 2)/(@ — 4, 


» - 4) on the suction side. Finally, the leading edge is located 
at the intersection point F of the straight lines Ojm of (@ — 4)° 
direction and E » of the 6° leading-edge shock front 

Thus, the inverse problem is solved for the case of a con- 
centrated expansion at O. Should the forepart of the blade 
suction side have a continuous curvature instead of a corner, 
one obtains immediately an infinite family of particular solutions 
by drawing the streamlines in the vicinity of O and taking them 


as contours for the suction-side forepart 
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Comments on Vortex-Core Measurements 


Robert W. Truitt 

Professor of Aeronautical Engineering, Virginia Polytechnic 
Institute, Blacksburg, Va. 

April 23, 1956 


A RECENT READERS’ FORUM NOTE,' Hopkins and Sorensen 
described a device for exploring vortex fields which they 
referred to as a new technique. The writer has used successfully 
this identical technique in research and in undergraduate aero- 
nautical laboratory experiments for over 10 vears 

The writer and his undergraduate students presented papers 
on the use of a Vortexmeter?* in which the results of a series 
In addition to 


those indicated in reference 1, references 2 and 3 describe the 


of experiments in vortex fields were reported 


following techniques and experiments using a Vortexmeter: 

(1) Experimental of Vortexmeter rotational 
r.p.m.) vs. angle of attack for a finite wing. The plot of Vortex 
meter r.p.m. vs. angle of attack showed the same straight-line 
variation and stalling characteristics as the C, vs. a curve. The 
angle of attack for zero lift determined by use of the Vortexmeter 
(zero r.p.m.) was found to be in excellent agreement with the 


results speed 


experimental results of Cy, vs. a. 

(2) Technique for determining the origin and roll-up character- 
istics of the trailing vortex system of a finite iifting wing. The 
Vortexmeter was also used to find the ‘effective span,’’ trace the 
downstream location of the core of the trailing vortex, and 
measure its strength at a series of chord stations 

(3) Technique for detecting misalignment and warping of a 
By exploring the right and left wing 
locations or 


wind-tunnel model wing. 
with the Vortexmeter, 
strengths of the trailing vortex system are detected readily. 

It may be interesting to note that the writer found the most 


lip regions asymmetric 


satisfactory rotating element to be a straight flat ‘“‘paddle’’ or 
“shovel-shaped’’ vane. This type of vane was found to give 
better quantitative results for the measurement of the strength 
of a vortex than the type used in reference 1. The reason for 
this is that the paddle-type vane acts, in principle, like the cup- 
type anemometer—i.e., the flat vane area is concentrated at a 
given radius 

Although the writer developed the Vortexmeter technique 
independently, it has been developed to a high degree by other 


Fic. 1. 


Copy of Fig. 164, page 161 of reference 4 


investigators in this country and abroad as both an instructional 
and research tool. A Yugoslavian textbook! describes a paddle 
bladed Vortexmeter (Fig 


for vortex-core measurements. 


1)* as standard laboratory equipment 
In 1951, Dr. August Raspet of 
the Aerophysics Department, Mississippi State College, measured, 
in a free-flight investigation, the spanwise distribution of cir- 
culation on a sailplane wing, with a set of 15 three-bladed 
Vortexmeters located at stations along the trailing edge. Raspet 
found that a two-bladed Vortexmeter lacks discrimination for low 
vorticities when used on wakes which are not axially symmetric 
viz., behind a wing. 
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Note on Photoelastic Study of Swept Wings 
C. L. Amba Rao 


Department of Aeronautical Engineering, Indian Institute of 
Science, Bangalore 3, India 
April 24, 1956 


INTRODUCTION 


A SURVEY OF RECENT LITERATURE indicates some work done by 
Gerard and Papirno! and Coiley.? If the aerodynamic load 
is applied about the elastic axis of the wing, the problem reduces 
to the bending of a plate as the thickness chord ratio is small 
Hence one of the following standard methods? is used. Otherwise, 
the optical birefringence due to tensile stresses cancels off with that 
due to compressive stresses 

(a) Combinations of materials of different stress optical co 
efficients.‘ (b) Reflecting surfaces or layers at the neutral sur 
face® (c) Superposition of bending on initial frozen tension® 
(d) The one strip method in which, after freezing, half the thick 


ness is removed 


SYMBOLS 


E; = Young's modulus of (optically birefringent) sensitive plastic 
E; = Young's modulus of insensitive plastic 

b = width of the sensitive plastic in the transformed section 

h = total thickness of sheet 

= principal stresses 

a, o = principal stresses on the outermost fiber at A 
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TRANSFORMED SECTION STRESS DISTRIBUTION 
Fic. 1. Stress distribution in sandwich plate 


VJ. = principal bending moments 
= phase difference or relative retardation in fringes 
= stress optic constant in sensitive material 
= stress optic constant in insensitive material 
moment of inertia of the section about neutral axis 


THEORY 


In case (a) above and in composite structures’ in all the pre- 

vious work, it is said that the Young's modulus of both the ma- 
terials should be the same, which may not always be possible. 
An expression is derived for the case when the Young’s modulus is 
different for the two. 
The transformed section principle is used’ (Fig. 1). Let E, > 
E;. Assuming there is no sliding between the two, during bend- 
ing, the theory of solid beams can be used—i.e., the elongations of 
longitudinal fibers are proportional to the distance from the 
neutral axis. Hence 


ty = 0(E,/E;) 1) 
There is a shift in the neutral axis location, and 
hy = (h/4){ [(E,/Ex) + 3]/[(E./E;) + 2 


The maximum stress at the bottommost fiber at distance /r. from 
the neutral axis = J/h./J. The maximum stress at the topmost 
fiber at distance /, from the neutral axis = (1//,/])(E. E;). 
Similarly it can be derived even if E, < E;. 

The integrated retardation® over a considerable thickness is 
interpreted in terms of the maximum stress difference on the 
boundary, as the law of stress variation is known. 


In OA, 
hy 
R, = (p — g)C, ds = — 
0 2 3) 
= (1/2)[(M, — \ 
In OB, 
R, = (1/2)[(CQh — (h/2)]? (4) 
Similarly, in BC, 
R, = (1/2)[(Mh — C(h/2)[2h2 — (h/2)] (5) 


The total retardation consists of three parts, and the retardation 
in the insensitive material (in BC) is usually neglected. If not, 


R, = (1/2)[((M, — 
C, [he — (h/2)]? — Ci(h/2)[2he — (6) 
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The Hot-Film Anemometer: A New Device for 
Fluid Mechanics Research* 


S.C. Ling and P. G. Hubbard 


lowa Institute of Hydraulic Research, State University of lows 
lowa City 


April 25, 1956 


A NEW HEAT-TRANSFER TYPE of sensing element consisting of a 
very thin platinum film fused to a glass surface has been 
developed for the study of flow characteristics in both gases and 
liquids. The platinum film is the sensing element, while the 
glass acts as a supporting body for the film. Its operation js 
very similar to that of the well-known hot-wire anemometer, in- 
asmuch as both are heated by passing an electrical current through 
them; the resulting heat exchange between the wire or film and 
the fluid is detected electrically as a function of flow parameters 
However, the hot-film anemometer has several superior char- 
acteristics which make it suitable for use in situations for which 
the hot wire is impracticable——such as the flow of liquids and 
either the supersonic or high-temperature flow of gases 

The outstanding characteristics of the hot-film anemometer 
as a transducer are its excellent mechanical characteristics, its 
superior dynamic response, and the high signal-to-noise ratio 
An infinite variety of geometrical forms is feasible depending on 
the nature of the application, and a typical 30°-wedge type ot 
hot-film probe is illustrated in Fig. 1. The wedge form mini- 
mizes the collection of microscopic dirt carried by the fluid and 
provides a more efficient and uniform heat-transfer surface so 
that the small amount of dirt which does collect has less effect 
on its rate of heat transfer. In the case of the hot-wire ane- 
mometer, heat transfer is concentrated at the front stagnation 
zone, making it very sensitive to minute surface contamination 
in this area. For a fluid carrying fibrous debris, a cone-shaped 
probe could be utilized to minimize the collection of these im 
purities on the sensing surface. In certain applications —e.g,, 
in studies of boundary-layer transition where any disturbance due 
to the detecting instrument is to be avoided—a plane hot-film 
element can be mounted flush with a flow boundary. For ap- 
plications in high-temperature flow, a film of rhodium fused on a 
quartz surface would be preferable because of the resistant prop- 
erties of these materials at elevated temperatures. 

Although the sectional width of the hot-film probe shown in 

* All phases of the project described herein were supported by the Office 
of Naval Research under Contract N8-onr-500 with the Iowa Institute of 
Hydraulic Research. 
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Fic. 1. 30°-wedge type of hot-film probe 
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Fic. 2. Uncompensated frequency response of hot film and hot 
wire 


Fig. 1 is approximately 50 times the diameter of a typical hot- 
wire sensing element, the curves of Fig. 2 show that the dynamic 
response is comparable; these data represent operation of the two 
types at the same mean velocity and overheating ratio. At high 
frequencies the response of the film is superior, but at low fre- 
quencies the wire gives the greater relative response. This low- 
frequency deficiency of the hot film is more than compensated, 
however, by its higher signal level. An important detail of this 
comparison is the decrease in response of 3 db. per octave for the 
hot film with a maximum phase lag of 45° as contrasted with 6 
db. per octave and 90° for the hot wire. This peculiar char- 
acteristic is due to the nature of the heat exchange between the 
film and its supporting material. Because of this special dynamic 
response, the simple R-C or R-L circuits frequently used with 
hot-wire anemometers cannot be used to compensate the signal 
from a hot film. However, this characteristic is especially adapt- 
ible to constant-temperature operation wherein a servocontrol 
circuit is used 

Several factors are responsible for the high signal-to-noise 
ratio of the hot-film anemometer. Because the mechanical 
strength of a hot-film element depends only on its glass or ceramic 
supporting base, the thickness of the film can be varied at will to 
control the total resistance independently of its linear dimen- 
sions. Resistance values from a few ohms up to several thousand 
hms are practicable on a probe whose size is governed by the re- 
quirements of space resolution; a probe of several hundred ohms 
will match the equivalent-noise resistance of present vacuum- 
tube amplifiers. Another factor is the improved mechanical 
arrangement of a film supported by a glass or ceramic base in- 
stead of a thin wire supported at its ends. The extraneous signal 
due to stress and local vibration is thereby eliminated. The low 
asymptotic phase lag of the hot-film element also contributes to 
t low overall noise in constant-temperature operation because of 
the sharper high-frequeney cutoff which can be used in the con- 
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trol circuits. When all of these factors are taken into account, 
the signal-to-noise ratio of the hot-film anemometer is superior 
to that of a hot wire operating under similar conditions 

Several instruments have been built by the authors for various 
research organizations. The typical dynamic response of one of 
these instruments is shown in Fig. 3. A special circuit is included 
to convert the nonlinear response of the sensing element to a volt- 
age and a panel-meter indication which are linear functions of the 
fluid velocity. This greatly increases both the simplicity and the 
accuracy of use of such an instrument 

A comprehensive theoretical treatise on the dynamic and ther- 
modynamic properties of hot films on a plane, a cylinder, or a 
wedge, the analysis of the servocontrol amplifiers, and additional 
performance data are to be found in reference 1. A mathematical 
treatment of the dynamic response of different forms of sensing 
elements and an operating manual for the instrument as a whole 
will appear as separate publications at a later date 


REFERENCE 
1 Ling, S.C., Measurement of Flow Characteristics by the Hot-film Technique 
Ph.D. Dissertation, State University of lowa, June, 1955 


Variational Method in the Theory of 
Axisymmetric Rotational Flow of a 
Compressible Fluid 


Bohdan Krajewski 
Research Engineer, Warsaw, Poland 
May 7, 1956 


INTRODUCTION 


T THE stupDY of flow through turbomachines, such as com- 
pressors and turbines, steady axisymmetric flow is assumed 

Introducing the so-called ‘stream function’’ and changing 
variables, the problem can be reduced to the first variation of 
the function ¥ 
one of the well-known methods of Ritz, Trefftz, and Galerkin 


Further calculations can be carried out using 


Basic ASSUMPTIONS AND EQUATIONS 


For an axisymmetric steady inviscid flow, the gradient of 
total enthalpy H can be expressed in cylindrical coordinates 


[see reference 2, pages 9, 10, Eqs. (7a), (7b), (7c)! by the rela- 


tion 
OH dor = F, + T(ds/dr) + (C./r) [O(rC,)/dr] 
C,[(0C,/Ox) — (OC,/dr (1 
0 = F, — (C,/r) [&(rC,)/or] — COC, /dx (2 
OH ox = F, + T(Os/dx) + C,[(OC,/Ox) — 
(OC,/Or)] + Cy(OC,/dx) (3 
where 
H = total enthalpy per unit mass 
C,, C-, Ce = components of the absolute velocity, tangential, 
radial, and axial, respectively 
rm = cylindrical coordinates, radial and axial, respec- 
tively 
F., F., F. = tangential, radial, and axial force exerted on gas 
particles by blades, respectively 
= entropy per unit mass 
r == absolute temperature of gas 


The equation of continuity under similar conditions becomes 
prC,)/Ox] + [Of prC,)/d,] = O (4 

Eq. (4) shows that it is possible to define a stream function 
WV, of y and x, such that 


prC, = — pol OW/Ox) 
prC, = po 


wehre pp is a constant reference densitv 


} 4 
Ela 
stitution of 
Va 
rh 
rk, 1044 
= 
+ 
-< 
4 
— 
= 
BE 
\ 
\ 
(5) 
(6 is 


JOURNAL OF THE AERONAUTICAL SCIENCES 


1 2 3 
| | 
ii | 
| | | 
& 
q % 
a a 
0 a 2a x 
Fic. 1. 


Because there is no blade force acting in the gap between two 
blade rows and because the principal effect is due to the radial 
component of the gradient //, further considerations will be 
confined to Eq. (1). In general, the effect of the radial motion 
on the calculations is due chiefly to the term OC,/Ox in Eq. (1). 
This term is expected to be significant mainly because of the 
oscillatory motion, which may involve important changes in C, 
in a row of blades. The curve of intersection of a stream surface 
with an axial plane is referred to as ‘‘the radial flow path.’’ Be- 
cause of the axial symmetry, the radial flow path is the same in 
any axial plane. 

In such a case, the sinusoidal curve is believed to represent the 
principal effect of the radial motion (see Fig. 1). This assump- 
tion is made by many authors.!:?:* Therefore, Eq. (1) may be 
rewritten as an ordinary differential equation: 


dH/dr = T(ds/dr) + (Cy/r) [d(rC,)/dr| 
C,[(dC,/dx) — (dC,/dr}| (7 


and now the stream function may be expressed in the form 
(8) 


where /(x) is a function determining the form of the radial flow 
path 
The function f(x) satisfies the following conditions: 


x = 0; f(a) = 1 


Thus, the stream function in sections | and 2 of Fig. 1 may be 
expressed in the form 

forx = 0 

pir) forx =a 

where ¥; and p(r) are functions of y alone. 


Introducing the transformation 


dH = (dH/dr) (dr/dW); ds/dv = (ds/dr) (dr/dW); 


d(rC,)/d¥ = [d(rC,)/dr] (dr/d¥) 
Eq. (7) may be rewritten as 
dH/dw = T(ds/d¥) + (C,/r) |d(rC,,)/dv¥| 
(po/pr) |((dC,/dx) — (dC,/dr)| ... (10) 


or 
(pr/po) (dH/d¥) — (pr/po)T(ds/d¥) — (p/rpo) X 
}d[(C,r)?/2|/dv} + [(dC,/dx) — (dC,/dr)| = 0 (11) 
Substituting Eqs. (5), (6), and (8) in Eq. (11) we have 
(pr/po) (dH /d¥) — (pr/po)T(ds/dv) — 
(pd/rpo) — (p/rpof"(x)p(r) — 

(d/dr) [(po/pr) (dW/dr)] = 0 (12) 


It is known that for the function W the first variation is deter- 
mined by the relation 
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dw 
F<r> = g|nwv(r), dr = extremum (13 
dr 
where the condition 
(O¢g/OW) — (d/dr) (Og/0W,) = V0 (14 
where VW, = (dW/dr) should be satisfied. It can easily be seen 


that Eq. (12) satisfies the condition determined by Eq. (14), 
where the initial equation is expressed as 


re \2 

» p (rt. 


pu po 2 py 
Po dv 
dr = extremum (15 
\dr 


The quantities such as //, s, 7C, are in practical problems given 
functions of W and r: 


H = F(Wr); s = G(Mir); rC, = 16 
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Errata—‘‘Applied Aerodynamics and Flight 
Mechanics’’ 


W. Bailey Oswald 

Chief--Aerodynamics Section, Santa Monica Division, Douglas 
Aircraft Company, Inc., Santa Monica, Calif. 

June 26, 1956 


A FEW ERRORS have been found in the manuscript of my 
paper.! In order to avoid confusion of diligent readers 

who might wish to make use of relations therein, corrections for 
these errors are listed below: 

(1) Delete 1/ V, from the last term of Eq. (17) on page 478 

2) Change WW, to W) in the expression for Term No. (4) 
in Table 1 on page 479. 

(3) In the second line following Eq. (23) on page 482, insert 
the words ‘“‘twice the before the words ‘kinetic energy.”’ 

The text, discussion, and calculations relating to the above 
material were correctly presented in the paper. 


REFERENCE 
1 Journal of the Aeronautical Sciences, Vol. 23, No. 5, pp. 464 484, May 
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Plastic Buckling of Circular Cylinders* 


S. Radhakrishnant 
College of Engineering, New York University, New York 
May 28, 1956 


HE PLASTIC BUCKLING of circular cylinders under single and 
combined loads is solved by starting with Donnell’s! equa- 
tions of equilibrium and using the following assumptions: (4 


* This is a brief summary of some of the results of a thesis submitted to 
the College of Engineering, New York University, in partial fulfillment of 
the requirements for the degree of Doctor of Engineering Science. The 
author wishes to express his deep gratitude to Dr. George Gerard who was 
his thesis adviser. Complete results will be published later. 

+ Now, Aeronautical Engineer, Hindustan Aircraft Ltd., Bangalore, India 
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Expressions for strains and curvatures in terms of displacements matical objections usually raised in the use of deformation theory 
used in elastic thin-shell theory are retained, (b) the secant shear laws. 


modulus in the plastic region is defined as the ratio of octahedral Following a procedure analogous to that adopted by Stowell,? 


shear stress to octahedral shear strain, (c) the Hencky-Nadai the equations of equilibrium in terms of the displacements u, 7, 

stress-strain law is used to relate the stresses and strains along and w in the plastic region were obtained by Gerard.’ These 

with the assumption of v (Poisson's ratio) = 1/2, and (d) the three equations are reduced to vield a single eighth-order dif 

entire cross section of the shell remains plastic during the infini- ferential equation in w. The final equations for two cases of re 
tesimal buckling. The last assumption overcomes the mathe loading in terms of w are: 


a) Torsional buckling 


+ — + > — - + Zrerh X 
E ‘ E,] Ox?dy? E, oy! ov! E,] ox*dy? oy! r2 ox! 


9 Ox! 
4 +- =() 
E, ox! E,] Ox*dy? E, Ov' | Oxoy 
b) Buckling under combined lateral pressure and axial load 
+ (4 — Ate — - As Ay 
Ox! Oy’ Ox! Ox*0y" Oy' 
— +].1 + (4 — Ap — Ap?) - + As («. A ) =() (2 
3r? 4 Ox! ox* Ox*0y? oy! Ox? oy? 


In the above equations, x is the coordinate along the axis of the cylinder, y the coordinate along the circumference of the cylinder, r the 
radius of the evlinder, 4 the thickness of the cylinder, w the normal displacement of the shell, £, the secant modulus, -, the tangent modu- 
the critical shear stress, o,,, the critical axial compressive stress, ov,, the critical circumferential compressive stress from lateral 


lus, 
pressure p(o, = pr hk), and Ay, As, and Aj» the plasticity coefficients defined by 
A, = 1 — (3/4) [1 — E,)| — ora, + o,?)'/? 
A. = 1 — (3/4) [1 — (E:/E,)] [oy?/(oz? — + o,*)’?| 
Aw = 1 — (3/2) [1 — (E,/E,)] — oray + 
4 
Eqs. (1) and (2) reduce to the corresponding Dozneli’s equa- 10 T i 
tions for the elastic case when E, and E, are replaced by E and F 
| 2 is replaced by v at the appropriate places |e.g., E,4°/9 will 
become, in the elastic case, Eh*/12(1 — v?), the bending rigid- | | 
ity 10° 
Only boundary conditions on w can be prescribed since the ” " 
differential equations are in terms of w while the boundary con- ‘Tr 
ditions on « and v are implied by their respective relation to « ¢ 
The buckling problem is solved for the case of the simply sup- wad 
ported cylinder (w = 0?w/Ox? = 0 at both ends of the evlinder) § 
using the following nondimensional parameters: f 
ff . 10 4 
Z = (L2/rh) V1 — v? = (3/2) (L2/rh) 
k, = shear stress coefficient = = | 
k, = axial stress coefficient = N,L2/r2D = 9o,L2/ 10° 
Zz 
, = circumferential stress coefficient NL? Fic. 1. Critical shear-stress coefficients in the plastic region 
9o,L?/x2E,h? for simply supported cylinders in torsion 
where L is the length of the eylinder. 
The torsional buckling case corresponding to Eq. (1) is solved 


by using Galerkin’s method as used by Batdorf! for the elastic 

case. The results after minimization with respect to the number Reel. 

of circumferential buckles are given in Fig. 1. In all the buckling [ Z 

problems in the plastic region, the parameter E,/E, plays an | | 

important role. 
The combined loads case corresponding to Eq. (2) is solved 


for the simply supported cylinder by using w = wy sin (mmx/L) 
sil (y/) where m is the number of half waves in the axial direc- 
tion and A the number of half waves in the circumferential 
direction. The resulting expression after substitution for w is 
solved for k,., for chosen values of ¢,/o,, E,/E,, and Z by mini- 


mizing with respect to m For most evlinders (Z > 300), , 
c 


107 10° 
COMPRESSIVE « 


the minimum value of m was found to be 1. In Fig. 2, the critical 
ave tar Fic. 2. Circumferential-stress coefficient vs. axial-stress co- 

y for Compressive and ten efficient for simply supported cylinders under combined lateral 


‘ile axial load for three values of E,/E, with Z = 9,000. Fig. pressure and axial load for Z = 9,000 under various E,/ E, values 
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Fic. 3. Circumferential-stress coefficient vs. axial-stress coef- 
ficient for simply supported cylinders under combined lateral 
pressure and axial load for various Z values. 


3 shows the variations of k, and &, for various Z’s at F,/E, = 
0.2. 
From Figs. 2 and 38 it is seen that an unusual behavior is pre- 
dicted by the theory in the case of the combined loads—viz., that 
in certain ranges the critical lateral pressure increases with the 
application of axial compressive load. This effect is accentuated 
at low E;/E, values. Suitable experimental data are not avail- 
able to check the theoretical predictions in the combined loads 


case. 
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Note on ‘‘On the Stability Theory of Flow with 
Finite Disturbances”’ 


J. T. Stuart 


Aerodynamics Division, National Physical Laboratory, Teddington, 
England 


May 7, 1956 


N A RECENT NOTE, Pai! rejects my criticisms? of his proof® that 
laminar flows are stable against finite disturbances. He asks 
what I mean by stability of a laminar flow. I agree with the 
definition given by Lin‘ and with that given by Pai himself,! 
so it is clear that the source of the controversy does not lie here. 
Furthermore, he states that Eq. (7) of reference 2 will not reduce 
to Eq. (6) if the components of disturbance velocity, uw’ and v’, 
are put equal to zero, because of the term O”#/Of. However, if 
u’ = v' = 0, no energy is being transferred between the mean 
flow, a, and the disturbance flow, and since there is no other 
source of unsteadiness, 7 must be independent of time. Conse- 
quently the mean flow equation takes its steady laminar form, 
and Eq. (7) does in fact degenerate into Eq. (6). 

Let us turn now to the basic point of the analysis of reference 
3, from which Pai concludes that two-dimensional flows are 
stable against finite disturbances. Pai assumes there that the 
disturbance of a laminar flow can be purely harmonic in x 
[see refererce 3, Eq. (22)]. The vital thing which I have tried 
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to show in reference 2 is that a disturbance of a laminar flow cap. 
not, according to the Navier-Stokes equations, be purely har- 
monic in x. In particular, the disturbance must contain a meay 
motion part, which physically we know to arise from the action of 
Reynolds stresses. 

Thus, the error in reference 3 can either be regarded physically, 
as being due to the neglect of the effect of the Reynolds stresses 
on the mean motion, or mathematically, as being due to the as. 
sumption that the nonlinear equations of motion can exhibit 
purely-harmonic solutions. Whether one looks at the problem 
physically or mathematically, the conclusion that laminar flows 
are stable is therefore seen to be fallacious. That laminar flows 
are unstable is, of course, borne out empirically by a wealth of 
experimental evidence on the subject. 


Author’s Reply 


In reply to Stuart’s note, I would like to make the following 
two remarks. 

Since he agrees with my definition of stability of laminar flow, 
his treatment does not indicate anything of the stability of the 
original steady solution of laminar flow because his disturbance 
is a deviation from a mean flow differing from the original flow 

One should remember that the mean velocity distribution of a 
turbulent flow is nothing but a solution of Navier-Stokes equa- 
tions if Reynolds stresses are included. It is well known that 
turbulent flows are stable. Hence, there is no basis that the 
mean velocity including the Reynolds stresses should be unstable 
as Stuart claims. 
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Remarks on Chaplygin Functions 


Vivian O’Brien 


Associate Physicist, Applied Physics Laboratory, The Johns 
Hopkins University, Silver Spring, Md. 


April 30, 1956 


INTRODUCTION 


T' IS WELL KNOWN that the solutions of Chaplygin’s equation 
for compressible flow? are = 7° ?F(ay, 7) sin 
the parameters of the hypergeometric functions arising from the 
fluid and k, a real number, dependent upon the physical bound- 


aries. The following facts are less well known. 


SPECIAL CASES OF THE LOG SOLUTION 


For certain cases (¢, = —m, man integer > 1), the ordinary 
hypergeometric series F(a,, b,, c,; 7) diverges and a logarithmic 
solution must be found [Eq. (13) of reference 1 For the regu- 
lar series, if a, or b, is a negative integer, the series terminates 
i.e, becomes a polynomial in 7. However, if a; or ), becomes a 
negative integer when c, is a negative integer, the logarithmic 
solution still contains an infinite series (cf. a misstatement page 
4, reference 1 which does not distinguish the two cases). Both 
cases are included in the list of the pathological cases of general 
hypergeometric functions on page 69, reference 3. 

For both c,, a negative integer, and b,, a negative integer, the 
complete solution can be written (following the notation of refer- 
ence 1) 
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READERS’ FORUM 
m'(in — —k (l-—k 
a, — 1 (a, — (), 1 , ‘ 
(-1) r log r)(a,, + 137) + (-1 
n +a, —k (a, (o, —k),, 1 l 
T i T r l 
mi (k — a,+m—k— 1 bh 
| ] l i ] 
bh +m—-k- 1 k+ ] m m— kA 
m=1—bj +h 
(m—-1l+a,—k (a, —k)(m—1+bh —k'N(kR— b)! , 
mi (k — Li! (m — k)! 4 
a,, 0, = functions of (y, k);¢, = —k + 1 
If air is the fluid, y = 1.4, and the condition for both c, and For c, < 0,(—k < — 1), the surface F(a,, b,, ¢;; 7) Fi —k. + 


», negative integers may be expressed as the Diophantine equation 


6(k2 + 1) = nin + 1) k, n integers; (n — k) odd (2) 


The first few k's which satisfy Eq. (2) are 2, 5, 12, 119, . . 

Values of }_,(7) for the first three of these special cases were 
included in the extensive tables of reference 4. Apparently all 
were calculated from a truncated series, the last summation being 
neglected. Obviously, the error is most serious at the largest 
tabulated 7 —i.e., 7 = 0.5. For k = 2, the value of the final 
series for 7 = 0.5 was calculated and equals just the difference 
between the values given in references 4 and 5. The correction 
isabout 1.5 per cent of the tabulated value of reference 4 

For & = 5, the correction for 7 = 0.5 was found to be about 
19.5 per cent of the tabulated value. For k = 12, the sum of 
the final series for the same 7 = 0.5 exceeds the tabulated value 
by an order of 10 

For k = 5 and 12, the errors in the derivatives d)_,(7)/dr 
calculated by the truncated series are even more serious since each 
The 
derivative for the k = 2 case is somewhat different (cf. page 4, 
reference 1), and the small difference between values given by 


term of the final series is multiplied by a sizable number 


references 4 and 5 is probably due to some other cause 
The corrections are negligible for subsonic 7 so the tables of 
» 


reference 6 are unaffected. The transonic flow for k = 2, cal 


culated using reference 4, may be compared with Davies.® 


ZEROS 


The number of zeros between 0 < 7 < 1 for the hypergeo 
metric series can be caleulated easily by Hurwitz’s formulas.’ 
The actual locations of the zeros of the Chaplygin functions for 
air as functions of & are somewhat interesting. 

— 1), Fla,, b,, c,; 7) may be considered a 


For c, > 0, (Rk < 
continuous surface F(R, 7) erected on a section of the k, 7, plane 
0S7r<sl Its intersections with the &, 7 plane are the lines 
of zeros r,, », €ach continuous curve being well located by the 


roots of the polynomial cases and the zeros of the Gauss function 


* log solutions omitted 


Zeroes of Chaplygin Functions 


is continuous between integers but discontinuous at every integer 
The discontinuous lines of zeros r,, _, form a peculiar pattern 
with the first zero 7, _, tending rapidly to zero as c, (or —k 
Thus, in the neighborhood of the 


At the integer, 


approaches a negative integer. 
integers, the first zero occurs at a subsonic + 
the mth zero becomes the (7 — 1)st zero 

Since F(k, 7) and F( —k, +) each multiplied by always positive 
factors are the independent solutions ¥ of the same differential 
equation,': *? the above cases may be combined by ‘‘folding”’ at 
k = O resulting in Fig. 1. (The logarithmic solutions for integral 
k do not fall in these lines, of course. ) 
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Asymptotic Suction Characteristics of the 
Boundary Layer over a Circular Cylinder* 
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I A RECENT NOTE,! the asymptotic behavior of the boundary 

laver over a porous circular cylinder subjected to a uniform 
suction was considered. Under a small uniform suction, the be 
havior was obtained in a very simple way as an exact solution of 
the Navier-Stokes equations. The 
tained appeared to be a Reynolds 
magnitude of the suction velocity at the wall and the radius of 
The skin friction was found to be independent of 


important parameter ob 
Number composed of the 


the cylinder 
the radius of the cvlinder; in fact, it had the same form as the flat- 
The shearing force per unit length of these cylinders 
Reynolds Number 


plate case 


was directly proportional to the suction 


* This research was supported by the U.S. Air Force through the Office 
of Scientific Research of the ARDC 
The checking of the algebraic work by J]. B. Fanucci is gratefully acknowl 
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parameter. If @ is the suction Reynolds Number, then 
a= — a/v (1) 


where 7% is the suction velocity at the wall, a the radius of the 
evlinder, and y the kinematic viscosity. A calculation of the 
displacement area and momentum defect area (Glauert and 
Lighthill )? defined, respectively, by 


u\ u 
and 0 = 27 ) id (3) 
Oo; 


shows that, for these integrals to vield finite results, it is sufficient 
that a > 2. In fact, the dependence of these quantities on @ is 


given by 
A/ma? = 2/(a — 2) (4) 
=a l(a — 2) (a@ — 1)| (5) 


The displacement thickness would be given by the expression 
la(—1 + V1 + S/ra*)|. The ratio of this displacement thick- 
ness to that of the two-dimensional asymptotic suction profile 
is given by |[a} —1 + V1 +2/(a —2)}]. This ratio is greater 
than 1 for > @ > 2 and equal to 1 fora = 

Evidently, a certain amount of suction is needed for a given 
evlinder to obtain finite values of these quantities far down- 
stream of the cylinder. It is remembered that, on a flat plate, 
finite values are obtained upon the application of suction. Thus 
the presence of a finite a in @ minimizes the effect of vw. It is 
evident, also, that increasing a@ values decrease the A/7a?, 
6/ 7a? values and that the effect of finite transverse curvature is 
essentially to increase the displacement thickness if there is suc- 
tion present. It is also noted that, because of the suction, the 
skin friction at the wall is the same as that of the two-dimensional 
case so that the velocity starts at the same rate at the wall as the 
two-dimensional case. 

With the help of the results of Lew and Fanucci,® it is not 
difficult to extend these results to the flow of a compressible heat- 
conducting boundary layer over a porous circular cylinder with 
uniform suction. However, it is noted that the boundary-layer 
approximation is used only in the energy equation; the momen- 
tum equation is still the Navier-Stokes equation. The equa- 
tions of motion for this case are 


pv(du/dr) = (1/r) (d/dr) |ur(du/dr)} (6) 
d(pvr)/dr = O (7) 


= (¢,/P,)-(1/r) (d/dr) |pr(dT/dr)| + 
u(du/dr)? (8) 


where uw, v are the velocity components in the axial and radial 
directions, respectively, and + is the radial distance from the 
origin. In addition, the coefficient of viscosity and coefficient of 
heat conductivity are functions of the temperature and may be 
the power law expressions |e.g., Eq. (37) of reference 3]. The 
integrals of the above equations follow in the fashion of refer- 
ences | and 3. Thus, for Eq. (7), one obtains 

pvr = pot = constant (9) 
and, for Eq. (6), 


(pvr) (a — U) = pr(du/dr) (10) 


Now, by allowing « to be the independent variable, Eq. (8) be- 
comes 


(1 — P,)edT/du) — (U — u)- te,(d?T/du?) + P,} =O (11) 
with the boundary conditions that 


atu = 0: T=T%! 
atu = U: T = 7, \ 


(12) 
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Eqs. (11) and (12) are exactly the same as the two-dimensiona] 
case [in fact, they are Eqs. (41) and (42) of reference 3). Thys 
the solution from reference 3 is 


[1 — (7/T,)) = [1 — {1 — + 
— 1)/2] 442} + — 1)/2] [AN2P,/(2 x 
U)|? — (2/Pr) [1 — (u/U)] 43 


It is noted that a change of the wall condition to that of zero heat 
transfer will retain only the second part of the right side of Eq 
(13). The solution for zero heat transfer in the two-dimensional] 
case was given by Young. The relation of the velocity 1 to the 
physical coordinate ~ may be given by 


uu "di 
= 1 — exp: | potot 14 
‘ Ja 


which can be explicitly determined once the dependence of 4 
on temperature is specified. In fact, if the new variable ¢ is de- 


fined by 


7 dy 
15 
where the substitution = a + yand = —(cyy) have been 
used and a = —ya, v, then 
u/U = 1 — exp(¢) (16 


and Eq. (46) of reference 3 is valid here. The relation between 
the two-dimensional case and this case comes through the trans- 


formation 


n = a‘ fexp Mo) * (Neen a)| 1} (17) 
where it is remembered that n,, was defined as (—7y/»,) and 
T.D. = two-dimensional. 


The gradient of the temperature at the wall can be determined 
without using Eq. (14) and is given by 


/dr\ pag = —( /v) > 41 — + 
— 1)/2] 14,2} (18 


which is exactly that of the two-dimensional case that is, no 
effect of the radius appears. It is more interesting that the 


skin friction is still given by 
To = — pool’ (19 


independent of the transverse curvature and having the same 
form as the two-dimensional case and of the incompressible 
circular-eylinder case. The nondimensional equivalents of 
Eqs. (18) and (19) may be more convenient at times. These 
may be obtained by multiplying Eq. (18) by the ratio 6/(7) - 
7) and Eq. (19) by 2/ py l? where 6 is a characteristic length such 
as the displacement thickness. Thus, the local skin-friction 
coefficient 279/ pol? so obtained is dependent on the ratio of suc- 
tion velocity to the free-stream velocity only. The dependence 
of the local heat-transfer coefficient so defined on all parameters 
as temperature ratio, Mach Number, ete., is obvious then from 
Eq. (18). 
and velocity layers with suction are increased under the effect 


It is easily seen from Eq. (17) that the temperature 
of a finite transverse curvature since 7 > yn, p, fora < © and » = 
ny», fora = ©. A considerable amount of detail information 
is given in reference 5. 

The effect of compressibility with otherwise constant physical 
properties of the fluid can be determined easily. From Eq. (14), 
the velocity profile is 
u/U = 1 — (20) 


having the same form as the incompressible case. The depend- 
ence of the temperature on the distance y follows directly from 
Eq. (13). 
are the same as Eqs. (18) and (19). 


Moreover, the velocity and temperature gradients 
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Stall Propagation in a Cascade of Airfoils 
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INTRODUCTION 

N ORDER TO Observe and measure optically a stable pattern of 
pe propagation in the simplest possible type of flow, a 
radial outflow circular cascade was installed in the closed circuit 
wind tunnel at the M.I.T. Gas Turbine Laboratory under the 
sponsorship of the National Advisory Committee for Aero- 
nautics. Interferometer and schlieren pictures of the flow 
through a section of the cascade were taken at 6,000 frames per 
see, These pictures have suggested a new avenue of analytical 
ipproach to the problem which is not restricted to small unsteady 
perturbations or an assumed simplified cascade geometry. 


EXPERIMENTAL RESULTS 


Fig. 1 is a section of one of the interferometer films of the flow 
over two blades of the cascade where the lines indicate constant 
air density. From the large collection of such pictures, it can 
be concluded that for all the cascade configurations, Reynolds 
Numbers, and Mach Numbers tested, the airfoils stalled from 
the leading edges during stall propagation and periodically 
shed nearly all their bound vorticity. The vorticity shed 
downstream from the cascade airfoils was largely concentrated 
into discrete vortices which accumulated at and departed from 
the leading and trailing edges of the airfoils as they stalled and 
unstalled. There is experimental evidence that these same 
conclusions are valid for a single stage research compressor from 
which stall propagation data were taken also. 

Hot-wire velocity measurements from the research compressor 
issembled as an isolated rotor indicate that, as the flow was 
throttled, one stall cell appeared which included from two to 
With further throttling the number 
of cells increased consecutively to four. 

There was small axial flow through the portion of the rotor 


five of the 44 rotor blades. 


TIME 


Interferometer pictures (6,000 /sec. ) 


Fic. 1. 


FORUM 847 
! 
~ 
\ 

t Ne ‘ 

\ 

\ L “ni, * 

a . 
1 
mer ' 
| 
Fic. 2. Effect of vortex on plate circulation, 


included in stall cells, and the cells extended downstream from 
the rotor in a direction almost normal to the plane of the rotor 


OUTLINE OF PROPOSED THEORY 


In Fig. 1 it is noted that in the circular cascade whenever a 
vortex was shed from the leading edge of an airfoil the succeeding 
airfoil stalled as the vortex passed under it. If one considers 
the potential flow around a flat plate, a theoretical explanation 
becomes evident. For uniform streaming flow over a flat plate 
with the Kutta condition satisfied and with an adjacent potential 
vortex, the dashed curves in Fig. 2 are loci of the vortex for 
constant plate circulation given by 

Mo = rLCsin 8 + af 


It is evident from Fig. 2 that the theoretical plate circulation 
goes through a maximum value as the vortex passes under the 
plate along line (a) after it has been shed from the adjacent 
airfoil in the cascade. In Fig. 1 it is observed that a blade 
stalled as the shed vortex, I, approached the location for maxi- 
mum Ty on the blade. This qualitative description indicates 
a mechanism by which stalling can propagate along the cascade 
and that there should be a finite time delay between the stalling 
of succeeding airfoils even if boundary-layer time delays are 
neglected. 

It is hypothesized that for a single stall cell the flow relative to 
the rotor may have been similar to that sketched in Fig. 3, 
where the “bound vortices’’ are indicated on the blades and 
located along line (b) after they have been shed downstream 
shed when the airfoils unstall, are 
Lines (b) and (¢) are the boundaries 


The “starting vortices,”’ 
shown located along line (c ). 
of what is called the stall cell, are of shape constant in time, 
and move relative to the cascade with velocity of propagation, 
V,. The shed vortices move downstream along path lines (b 


and (c) with velocity Va. In a coordinate system fixed to the 
stall cell, the flow is steady except for the local effects of the 
finite spacing of the vortices and moving blades 

As shown in Fig. 3, lines (b) and (c) far downstream must 
become straight and parallel and the vortices uniformly spaced 
along them by distance a. Local velocities are those induced 
by two infinite vortex streets oriented at the angle @ and spaced 
na apart. 

More than a distance a@ away from the vortex streets the 
velocity induced by them may be taken as zero outside the cell, 


while in the center of the cell, if » > 2, 


= [/a 

Each vortex moves with velocity V2, and from Fig. 3 the 
velocity of propagation of the stall cell along the cascade is 

V, = Co. — C,, tan @ (1 


From the rotor experimental data, it appears to be a good 
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Fic. 3. Velocity diagram of stall cell. 


approximation to assume no flow through the stall cell, or 
V;cos¢@ = C,, 

and r = = s(C,, tan — C,, tan 

Then V; = = (s/a)(C,, tan — C,, tan Bo) (2) 
Since the vortices pass any downstream point on line (b) or 
(c) of Fig. 3 with the same frequency with which they are shed 
onto the lines from the blades 

fa = V,/Va = (Co — C, tan d)/[(Cr2/cos ¢) — (Vi/2)] (3) 
Eliminating sa from Eqs. (2) and (3) gives 


1 


(tan — tan @) cCos* = 2 (4) 
[2(C,,/Cz,) tan By — 2 tan 
Solving Eq. (4) for @ and substituting in Eq. (1) gives 
: 
V,/Ca = tan 8; + tan? B, — [(tan? Be + (5) 


The plus sign for the last term implies that ¢ is a large negative 
angle which can be shown to be impossible physically. There- 
fore, 

V; ‘Ca = 1- V1 (C2 Ca)? (6) 
Eq. (6) indicates that stall cells of the type assumed are 
impossible if C, > Cm. This has been verified experimentally. 
The blockage effect of the stall cells after the onset of propaga- 
tion was such that C./Cg, remained almost constant with further 
throttling of the rotor, and cells propagated with approximately 
half wheel speed in agreement with Eq. (6). 

The assumptions made in the analysis imply that the airfoils 
outside the cell have no drag and those in the cell have no lift. 
It may be noted that in the case of no axial flow in the cell, the 
model is similar to a flat plate translating along the cascade at 
velocity V,, and blocking the flow through a portion of it. The 
stall cell corresponds to the wake behind the plate, and there is 
a “head loss” in the cell given by the velocity defect. 

Analyses of the model for small perturbations (V7)/C,; << 1) 
indicate that a flow with small disturbances is possible only for 
a narrow range of blade stall characteristics, which may indicate 
why small perturbation stall cells seldom are observed experi- 
mentally 

The vortex flow model of Fig. 3 gives a qualitative explanation 
for the observed splitting of the stall cell into two as the flow 
was throttled. With throttling, ” was observed to increase 
before splitting occurred. If the lines (b) and (c) are not in- 
finitely long, the induced velocity V,; at the blade in the center 
of the stall cell decreases as m increases. When V; becomes small 
at the center blade it tends to unstall, thereby splitting the 
cell into two stall cells which become distributed axisvmmetrically 
around the retor. Experimental data have been taken which 
support this description. 
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Tip-Biluntness Effects on Cone Pressures 3 
M = 6.85 


Mitchel H. Bertram 
Langley Aeronautical Laboratory, NACA, Langley Field, Va, 
May 22, 1956 


— Is, at present, considerable interest in the character. 
istics of blunted bodies from both an aerodynamic and g 
heat-transfer standpoint. The use of blunt shapes is contem. 
plated to reduce the heat-transfer problem at body noses, byt 
there are also applications for blunt noses which occur from 
mainly aerodynamic considerations. An actual reduction jp 
drag may be the beneficial result of blunting the nose of a cone 
or a similar slender shape under certain conditions.' Although 
the sphere has received considerable treatment, the nose shapes 
are not necessarily tangent spheres. In the case, let us say, ofa 
total head tube situated in the nose of a given body, the blunting 
may be quite flat, and nose sections blunter than spherical shape 
may conceivably be desirable, in some cases, from the heat- 
transfer standpoint 

The purpose of the present investigation is to examine the 
aerodynamic effect of a simple type of nose blunting on a basic 
body. The body chosen was a 10° half-angle cone with a base 
diameter of 2.00 in., and the blunting consisted of a plane cut 
normal to the cone axis. This is similar to the blunting pre. 
viously investigated by this writer for the two-dimensional case? 
The model was fitted with five rows of pressure orifices. There 
was one orifice at the first station, two orifices at the second and 
fourth stations, and four orifices at the third and fifth stations. 
Successive blunting of this cone supplied a large number of data 
points. The tests were conducted in the nominal Mach 7 Invar 
nozzle of the Langley 11-in. hypersonic tunnel. Because of vari- 
ations in pressure and the times at which data were taken duringa 
run, the calibration Mach Number varied between 6.84 and 
6.87, the value of 6.85 being a good average for all the data. 
Some calibration data for this nozzle may be found in reference 
3. The data were obtained at supply pressures in the range 22 
to 384 atmospheres and at supply temperatures between LO65°R. 
and 1170°R., and the corresponding Reynolds Numbers per in. 
were in the range 2.4 XK 10° to 3.8 & 10% 

In this investigation, surface pressures were measured, and 
schlieren pictures were taken to enable measurement of the shock 
shape and thus to evaluate the various parameters immediate 
behind the bow shock. Typical schlieren photographs of an 
essentially sharp-pointed cone and the same cone blunted are 
shown in Figs. 1 and 2. Fig. 3 is a schlieren photograph of a 
flat-ended circular cylinder with the axis of the cylinder aligned 
with the free-stream flow direction. This configuration is in- 
cluded for the comparison of its shock shape with that for the 
blunted cone in the tip region 

Perhaps the most significant difference between the shock on 
the sharp and blunted cones, aside from the expected detached 
shock at the nose of the blunted cone, is the inflection in the 
shock from the blunted cone 20 to 30 tip diameters from the nose 
This nonmonotonicity in the slope of the shock wave from the 
blunted cone is shown in Fig. 4a. There is apparently an over- 
expansion after the leading tip so that, at between 20 and 25 tip 
diameters from the nose, the slope of the shock decreases to @ 
value about 2° less than the slope obtained from cone theory; 
from this low value it rapidly increases to the value given by cont 
theory. The shock slope in the tip region is given by Fig. 4b 
In this figure, for the blunted cone, only measurements from the 
largest diameter cone tip have been utilized because of difficulties 
apparently arising from optical refraction and resolution with 
shock measurements from the smaller tips. Such difficulties 
are illustrated by comparison of the shock detachment distance 
for the several configurations. Measurements of the ratio of 
axial shock detachment distance to nose diameter D for the rela 
tively large flat-nosed cylinders, whose dimensions are given i! 
Fig. 4a, gave a value of 0.269; however the blunted cone with D = 
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0.126 in. gave an average value 0.37 for this ratio with a scatter 
of 14 per cent (from average of 2 runs). With the diameter of the 
blunted cone tip increased to 0.158 in., the nondimensionalized 
detachment distance was 0.26 (from 2 runs) with an estimated 
measuring accuracy of 5 per cent, a reasonable agreement with the 
flat-nosed cylinder result. 

Utilizing the shock-shape (Fig. 4) and surface-pressure meas- 
urements, the pressure coefficients immediately behind the shock 
and at the surface were obtained. These results are shown in 
Fig. 5. The data points shown for the surface-pressure measure- 
ments are averages for a given station. The dip in the results 
from the blunted-cone shock and surface pressures is quite pro- 
nounced with the surface pressures reaching a minimum value 
well ahead of the minimum in the pressures at the shock. At 
low values of x/D, waves from the vicinity of the shock appear 
to determine the surface pressures. The reflection of these 
waves from the surface eventually turns the shock so as to ap- 
proach the shock strength given by cone theory. Tests with this 
cone before blunting gave surface pressures which averaged to 
within about 1 per cent of the value given by cone theory. 

The present surface data are not believed to be affected to any 
considerable extent by viscous effects since data were obtained 
at values of Rp as low as 0.50 X 10' and as high as 5.4 & 10% and 
did not show a deviation which could be ascribed to Reynolds 
Number effects. The data presented are for the pressure levels 
at which the most accurate measurements can be made in the 
tunnel. 

The general appearance of the curve of surface-pressure co- 
efficient with distance in Fig. 5 is similar to that obtained by 
Oliver! in his tests at 1/7. = 5.8 of a 40° half-angle cone with a 
tangent sphere forming the nose. In these 17 = 5.8 tests, essen- 
tially cone static pressure was attained in about 1.5 tip diameters 
(measured along the surface). The overexpansion immediately 
following the nose of Oliver's test configuration was not nearly 
so pronounced as that exhibited by the test data shown in Fig. 5. 
It is probable that, had Oliver situated orifices between the ones 
that were adjacent to the sphere-cone tangent point, a more 
abrupt and slightly lower dip would have manifested itself than 
is indicated by his fairing of his data. 

For the flat plate, the effect of leading-edge blunting in increas- 
ing the Reynolds Number for transition® is now rather widely 
known —at least for the relatively thin leading edges for which 
significant data have been obtained. The extrapolation of such 
results to the blunted cone —at any rate for the large bluntings 
investigated here —does not appear to be obvious. At the nose 
there is a normal shock with its associated losses; to about 7 
diameters from the nose there is a strong negative pressure gra- 
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dient, at the surface; from about 7 to 30 diameters from the nose 
there is a weaker positive pressure gradient at the surface, and the 
surface Mach Number is approximately 2.5.  Qualitatively 
the effect of the losses through the normal shock combined with 
the resulting Mach Number and the pressure gradient on the 
boundary-layer thickness can be seen in the schlieren photg 
graphs, Figs. 1 and 2, where a considerable increase in boundarp 
layer thickness at the base is readily discernible for the cone is 
the blunted condition. 

Some indication of the relative effects of leading-edge (tip) 
blunting on a flat plate and a cone may be offered by the re 
sults obtained at JJ = 3.05 by a group at the University gf 
Minnesota.» * From these tests, apparently because of the 
three-dimensional nature of the flow on the cone, the change jy 
the momentum thickness from the theoretical value was ag 
order of magnitude reduced from the change obtained on a flat 
plate with a comparable blunting. Also, there was an indica 
cation that blunting decreased the shear stress on both the cone 
and the flat plate, although the percentage reduction in shear 
stress in the case of the cone was half that obtained for the flat 
plate. For the flat plate, however, the closest that the leading 
edge was approached was about 140 leading-edge thicknesses 
while, for the cone, the closest approach to the tip was about 730 
tip diameters. 

It appears that measurements of the effects of tip blunting on 
boundary-layer transition, heat transfer, and skin friction in the 
regions of cones in proximity to the tip would be of considerable 
interest, warranting further investigation. In the present case, 
proximity to the nose would be considered to extend up to 30 o 
40 diameters from the nose. 
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